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Gyroskop använda i Gravity Probe B-
experimentet för att mäta hur jorden 
påverkar rotationsriktningen hos ett 

spinnande föremål i bana runt jorden.
 (Foto från einstein.stanford.edu/gallery/)

Michael Bradley bidrar med en 
pedagogisk artikel om rumtids-
begreppet. Han förklarar vilka 
fenomen som förväntas då en 
sådan rumtid roterar. Detta sätts 
i sitt rätta sammanhang och 
vi får också en förklaring till 
gravitationsvågor.

Michael Bradley 
är professor vid Umeå universitet. 
Inom sitt forskningsområde, allmän 
relativitetsteori, har han bl.a. stud-
erat modeller för roterande stjärnor, 
metoder för konstruktion av exakta 
lösningar till fältekvationerna och 
metoder för störningsräkning i 
kosmologi.
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UJUFM

&JOTUFJOT BMMNÅOOB SFMBUJWJUFUTUFPSJ HFOFSBMJTFSBS CÇEF TQFDJFMM SF�
MBUJWJUFUTUFPSJ PDI /FXUPOT HSBWJUBUJPOTUFPSJ� 'ÕS TWBHB GÅMU PDI MÇ�
HB IBTUJHIFUFS HÇS EFO ÕWFS J /FXUPOT UFPSJ NFO EFO GÕSVUTÅHFS
PDLTÇ FO IFM EFM OZB GFOPNFO TPN TWBSUB IÇM PDI HSBWJUBUJPOTWÇ�
HPS� &YJTUFOTFO BW TWBSUB IÇM IBS TUBSLB JOEJSFLUB PCTFSWBUJPOFMMB
TUÕE 	/PCFMQSJT ����
 PDI EFO GÕSTUB EJSFLUB EFUFLUJPOFO BW HSB�
WJUBUJPOTWÇHPS HKPSEFT EFO ���F TFQUFNCFS ���� 	/PCFMQSJT ����
�
* EFO IÅS BSUJLFMO TLB WJ TF OÅSNBSF QÇ EFMT HSBWJUBUJPOTWÇHPS PDI
EFMT FO BOOBO HSVQQ BW OZB GFOPNFO TPN IÅOHFS JIPQ NFE IVS
SPUBUJPO IPT NBUFSJFO QÇWFSLBS SVN PDI UJE EFO T�L� SVNUJEFO�
6OEFS TQFDJFMMB GÕSIÇMMBOEFO WFSLBS ÇUNJOTUPOF J UFPSJO U�P�N�
UJETNBTLJOFS LVOOB FYJTUFSB J SPUFSBOEF SVNUJEFS� 3PUBUJPO PDI
BTTPDJFSBEF USÕHIFUTLSBѫFS ÅS PDLTÇ OÅSB SFMBUFSBEF UJMM GSÇHBO PN
WBE TPN CFTUÅNNFS FUU USÕHIFUTTZTUFN�

&OMJHU /FXUPOT HSBWJUBUJPOTUFPSJ TPN CFTLSJWFS QMBOFUFSOBT
SÕSFMTFS SVOU TPMFO NFE IÕH OPHHSBOOIFU CFTUÅNT HSBWJUBUJPOT�
GÅMUFU GSÇO FO LSPQQ FOCBSU BW EFTT NBTTGÕSEFMOJOH� %ÅSGÕS CPS�
EF HSBWJUBUJPOTGÅMUFU GSÇO U�FY� KPSEFO FOEBTU QÇWFSLBT JOEJSFLU BW
EFTT SPUBUJPO HFOPNEFO UJMMQMBUUOJOH TPN DFOUSJGVHBMLSBѫFSOB HFS
VQQIPW UJMM NFO JOUF BW SPUBUJPOFO J TJH� %PDL WJTBS FUU FYQFSJ�
NFOU LBMMBU (SBWJUZ 1SPCF # BUU TQJOOBOEF HZSPTLPQ J FO TBUFMMJU
SVOU KPSEFO LÅOOFS BW FO NFEESBHOJOHTFĒFLU GSBNF ESBHHJOH QÇ
HSVOE BW KPSEFOT SPUBUJPO� &ĒFLUFO ÅS MJUFONFO LBO CMJ CFUZEBOEF
OÅSB LPNQBLUB SPUFSBOEF PCKFLU TPN OFVUSPOTUKÅSOPS PDI TWBSUB
IÇM� .FEESBHOJOHTFĒFLUFOT QÇWFSLBO QÇ EFO NBUFSJB TPN UZQJTLU
TBNMBT J EJTLBS SVOU TWBSUB IÇM IBS PCTFSWFSBUT PDI BOWÅOUT GÕS BUU
CFTUÅNNB IVS TOBCCU EF TWBSUB IÇMFO SPUFSBS�

&UU NFS VQQFOCBSU QSPCMFN NFE /FXUPOT UFPSJ ÅS BUU EFO JO�
UF IBS OÇHPO UJETGÕSESÕKOJOH UFPSJO ÅS FO T�L� WFSLBO QÇ BWTUÇOE�
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UFPSJ� 0N OÇHPU IÅOEFS NFE LÅMMBO LÅOOT EFUUB BW PNFEFMCBSU QÇ
HPEUZDLMJHU TUPSB BWTUÇOE� /V WFU WJ GSÇO TQFDJFMM SFMBUJWJUFUTUFPSJ BUU
EFU êOOT FO NBYJNBM IBTUJHIFU NFE WJMLFO JOGPSNBUJPO LBO ÕWFS�
GÕSBT� )BTUJHIFUFO c ÅS MJLB NFE MKVTIBTUJHIFUFO PDI IBS OVNFSB
EFêOJFSBUT UJMM BUU IB EFU FYBLUB WÅSEFU 299 792 458 N�T� %FOOB
NBYJNBMB IBTUJHIFU JOEJLFSBS BUU /FXUPOT HSBWJUBUJPOTUFPSJ CFIÕ�
WFSNPEJêFSBT UJMM FO UFPSJ TPN HFS FO UJETGÕSESÕKOJOHNFMMBO PSTBL
PDI WFSLBO� 1Ç TBNNB TÅUU TPN EFO ÅOEMJHB MKVTIBTUJHIFUFO NFE�
GÕS BUU EFU FMFLUSPNBHOFUJTLB GÅMUFU VUCSFEFS TJH TPNWÇHPS LPNNFS
EFO OZB HSBWJUBUJPOTUFPSJO BUU GÕSVUTÅHB FYJTUFOTFO BW HSBWJUBUJPOT�
WÇHPS�

S����p �²¼À²  ©¯Æ �ª ªÚ �¼pÓ�ÆpÆ�¯ªÀÆ�¯¼�
%FU/FXUPOTLB HSBWJUBUJPOTGÅMUFU H GSÇO FONBTTGÕSEFMOJOH LBO HFT
J UFSNFS BW FO QPUFOUJBM φ TPN H=−∇φ� 1PUFOUJBMFO φ HFS EFO
HSBWJUBUJPOFMMB MÅHFTFOFSHJO QFS NBTTB PDI J UFSNFS BW φ LBO HSB�
WJUBUJPOTMBHFO PNGPSNVMFSBT UJMM 1PJTTPOT FLWBUJPO�

∇2φ = 4πGρ ,

EÅSG=6,67×10−11 N�/LH/T� ÅS EFO BMMNÅOOB HSBWJUBUJPOTLPO�
TUBOUFO PDI ρ NBTTUÅUIFUFO�

-ÇU PTT KÅNGÕSB NFE WÇHFLWBUJPOFO

∇2φ− 1

c2
∂2φ

∂t2
= 0 ,

TPN CFTLSJWFS FO WÇH TPN VUCSFEFS TJH NFE FO IBTUJHIFU c� &O OB�
UVSMJH HFOFSBMJTFSJOH BW HSBWJUBUJPOTMBHFO TPN CÇEF UBS IÅOTZO UJMM
UJETGÕSESÕKOJOHFO QÇ HSVOE BW EFO ÅOEMJHB MKVTIBTUJHIFUFO PDI ÅS
LPQQMBE UJMM LÅMMBO TLVMMF EÇ LVOOB HFT BW

∇2φ − 1

c2
∂2φ

∂t2
= 4πGρ .

&O MJLOBOEF UFPSJ GÕSFTMPHT GBLUJTLU BW EFO êOMBOETTWFOTLF GZTJ�
LFSO (VOOBS /PSETUSÕN SFEBO ���� GÕSF QVCMJDFSJOHFO BW BMMNÅO
SFMBUJWJUFUTUFPSJ NFO EFO TUÅNEF JOUF NFE PCTFSWBUJPOFS� /PSE�
TUSÕN HKPSEF TFEBONÇOHB BOESB CFUZEBOEF CJESBH UJMM VUWFDLMJOH�
FO BW HSBWJUBUJPOTUFPSJO PDI WBS CM�B� FO BW EF GÕSTUB BUU GÕSFTMÇ FO
HFPNFUSJTL UFPSJ GÕS HSBWJUBUJPOFO� )BO ÅS ÅWFO LÅOE GÕS 3FJTTOFS�
/PSETUSÕN�NFUSJLFO WJMLFO ÅS FO MÕTOJOH UJMM GÅMUFLWBUJPOFSOB J
BMMNÅO SFMBUJWJUFUTUFPSJ TPNCFTLSJWFS FUU FMFLUSJTLU MBEEBU TWBSU IÇM�

�
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/¼² Æp ¼Ê©
&O HFPNFUSJ LBO MPLBMU CFTLSJWBT N�I�B� NFUSJLFO TPN HFS BWTUÇO�
EFU J LWBESBU NFMMBO UWÇ OÅSCFMÅHOB� QVOLUFS� 'ÕS FUU QMBUU UWÇ�
EJNFOTJPOFMMU SVN LBO WJ BOWÅOEB EF LBSUFTJTLB LPPSEJOBUFSOB
x PDI y PDI WJ GÇS GSÇO 1ZUIBHPSBT TBUT BUU BWTUÇOEFU Es NFMMBO
QVOLUFSOB (x, y) PDI (x+Ex , y+Ey) HFT BW Es2 = Ex2+Ey2�
%FU êOOT FO TUPS GSJIFU J WBM BW LPPSEJOBUFS PDI J FUU QMBO LBO
NBO U�FY� PDLTÇ BOWÅOEB QPMÅSB LPPSEJOBUFS TÇ BUU NFUSJLFO HFT
BW Es2 = Er2+ r2 Eϕ2� &UU FYFNQFM QÇ FUU HFOVJOU LSÕLU UWÇEJ�

'JHVS �� 7ÅOTUSB CJMEFO� TGÅSJTLB LPPSEJOBUFS TPN EFêOJFSBT GSÇO x =
r TJO θ DPTϕ y = r TJO θ TJOϕ PDI z = r DPT θ TBNU FO TGÅS NFE SBEJ�
FO a� * EFTTB LPPSEJOBUFS HFT BWTUÇOEFU NFMMBO UWÇ OÅSCFMÅHOB QVOLUFS J
EFU WBOMJHB USFEJNFOTJPOFMMB PDI QMBUUB SVNNFU BW Es2=Er2+r2 Eθ2+
r2 TJO2 θ Eϕ2� &O TGÅS NFE SBEJFO a GÇT BW EF QVOLUFS TPN MJHHFS QÇ BW�
TUÇOEFU r = a GSÇO PSJHP� &ѫFSTPN EÇ Er = 0 CMJS NFUSJLFO QÇ EFO UWÇ�
EJNFOTJPOFMMB TGÅSFO Es2 = a2 Eθ2+a2 TJO2 θ Eϕ2� * EFO IÕHSB CJMEFO
WJTBT IVS FO WFLUPS TPN QBSBMMFMMGÕSëZUUBT MÅOHT FO TGÅSJTL USJBOHFM 	GSÇO 1
UJMM 2 UJMM 3 PDI UJMMCBLT UJMM 1
 IBS ÅOESBU SJLUOJOH FѫFS FUU WBSW EFO T�L�
HFPEFUJTLB FĒFLUFO� )ÅS ÅS EFO UZEMJH NFO KV NJOESF EFO TMVUOB LVSWBO
ÅS EFTUP NJOESF ÅS FĒFLUFO�

NFOTJPOFMMU SVN HFT BW TGÅSFO TPN CFTLSJWT BW NFUSJLFO Es2 =
a2 Eθ2+a2 TJO2 θ Eϕ2 PN SBEJFO ÅS a TF 'JHVS ��

1Ç HSVOE BW GSJIFUFO J WBM BW LPPSEJOBUFS LBO EFU WBSB TWÇSU
BUU BWHÕSB PN FO HJWFO NFUSJL WFSLMJHFO CFTLSJWFS FUU LSÕLU SVN
FMMFS FUU QMBUU SVN J BOESB LPPSEJOBUFS ÅO EF WBOMJHB� 'ÕS BUU BWHÕ�
SB TBLFO LBO NBO CFSÅLOB EFO T�L� 3JFNBOO�UFOTPSO FMMFS LSÕL�
OJOHTUFOTPSO Rµ

νστ  TPN HFS EFO MPLBMB LSÕLOJOHFO GÕS EFU SVN
TPN CFTLSJWT BWNFUSJLFO� %FO ÅS JEFOUJTLU OPMM PN PDI FOEBTU PN

�/ÅS WJ HÇS ÕWFS UJMM LSÕLUB SVN FMMFS BOESB LPPSEJOBUFS ÅO LBSUFTJTLB CMJS BW�
TUÇOETGPSNMFSOB NFOJOHTGVMMB FOEBTU GÕS JOêOJUFTJNBMB BWTUÇOE TÇ EÅSGÕS BOWÅO�
EFS WJ EJĒFSFOUJBMFS SFEBO GSÇO CÕSKBO�
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SVNNFU ÅS MPLBMU QMBUU� * UWÇ EJNFOTJPOFS NPUTWBSBT EFO BW EFO
(BVTTJTLB LSÕLOJOHFO TPN HFT BW 1/(ρ1ρ2) EÅS ρ1 PDI ρ2 ÅS EFO
TUÕSTUB PDI NJOTUB LSÕLOJOHTSBEJF TPN LVSWPS HFOPN FO HJWFO
QVOLU QÇ ZUBO IBS� 'ÕS FO TGÅS NFE SBEJFO a HÅMMFS BUU ρ1=ρ2=a�

* (SBWJUZ 1SPCF #�FYQFSJNFOUFU TPN CFIBOEMBT MÅOHSF GSBN J
BSUJLFMO WJTBEFT BUU HZSPTLPQ TPN QBSBMMFMMUSBOTQPSUFSBUT SVOU KPS�
EFO ÅOESBU TJOB SJLUOJOHBS J FOMJHIFU NFE EFO BMMNÅOOB SFMBUJWJ�
UFUTUFPSJOT GÕSVUTÅHFMTFS� 1BSBMMFMMUSBOTQPSU BW FO WFLUPS MÅOHT FO
SÅU MJOKF J FUU QMBUU SVN LBO EFêOJFSBT TPN BUU WJOLFMO NFMMBO WFL�
UPS PDI MJOKF CFWBSBT� %F SBLBTUF NÕKMJHB CBOPSOB J FUU LSÕLU SVN
LBMMBT HFPEFUFS PDI WJE QBSBMMFMMUSBOTQPSU MÅOHT EFN CFWBSBT PDL�
TÇ WJOLFMO� .BO LBO GÕSTUÇT QBSBMMFMMUSBOTQPSUFSB FO WFLUPS MÅOHT
BOESB LVSWPS ÅO HFPEFUFS NFO EÇ WBSJFSBS WJOLFMO NFMMBO WFL�
UPSO PDI LVSWBOT UBOHFOU MÅOHT LVSWBO� 0N NBO QBSBMMFMMUSBOT�
QPSUFSBS FO WFLUPS SVOU FO TMVUFO LVSWB J FUU QMBUU SVN LPNNFS
EFO BUU IB CFIÇMMJU TJO SJLUOJOH OÅS EFO ÇUFSLPNNJU UJMM VUHÇOHT�
QVOLUFO UJMM TLJMMOBE GSÇO J FUU LSÕLU SVN EÅS EFO LPNNFS BUU IB
ÅOESBU SJLUOJOH EFO T�L� HFPEFUJTLB FĒFLUFO� &UU TÅUU BUU EFêOJFSB
3JFNBOO�UFOTPSO J FO QVOLU ÅS HFOPN IVS NZDLFU FO WFLUPS TPN
QBSBMMFMMUSBOTQPSUFSBT SVOU FO MJUFO TMVUFO LVSWB SVOU QVOLUFO ÅOE�
SBS SJLUOJOH�

N¹�|��££ ¼�£pÆ�Ó�Æ�ÆÀÆ�¯¼�
'ÕS BUU GÕSTUÇ WBSGÕS FO HFPNFUSJTL GPSNVMFSJOH LBO WBSB GSVLU�
CBS GÕS FO CFTLSJWOJOH BW HSBWJUBUJPO CÕSKBS WJ NFE BUU UJUUB QÇ
TQFDJFMM SFMBUJWJUFUTUFPSJ� "W HSVOEMÅHHBOEF CFUZEFMTF ÅS CFHSFQQFO
SVNUJE TPN JOGÕSEFT BW )FSNBOO .JOLPXTLJ ���� PDI IÅOEFM�
TF� 3VNUJEFO ÅS FO TBNNBOTMBHOJOH BW SVN PDI UJE UJMM FUU GZSEJ�
NFOTJPOFMMU SVNNFE LPPSEJOBUFSOB (ct, x, y, z) TF 'JHVS � EÅS y�
PDI z�LPPSEJOBUFSOB ÅS VOEFSUSZDLUB� &O IÅOEFMTF LBSBLUÅSJTFSBT
BW WBS PDI OÅS EFO TLFS PDI LBO CFTLSJWBT NFE FO QVOLU J SVNUJ�
EFO� 1BSUJLMBST SÕSFMTFS HFT BW CBOPS J SVNUJEFO T�L� WÅSMETMJOKFS�
1Ç HSVOE BW BUU MKVT BMMUJE SÕS TJHNFE IBTUJHIFUFO c LPNNFS MKVTFUT
CBOPS GSÇO FO HJWFO IÅOEFMTF BUU CJMEB FO T�L� MKVTLPO J SVNUJEFO
TF êHVSUFYUFO� .BTTJWB QBSUJLMBS SÕS TJH NFE IBTUJHIFUFS TPN ÅS
NJOESF ÅO c PDI EF LBO EÅSGÕS JOUF LPSTB MKVTLPOFO� /PUFSB BUU
MKVTLPOFOT BYFM EÅSGÕS EFêOJFSBS EFO MPLBMB UJETSJLUOJOHFO� -KVT�
LPOTCFHSFQQFU CMJS BOWÅOECBSU J GPSUTÅUUOJOHFO OÅS WJ TLB TUVEFSB
IVS UJETSFTPS LBO CMJ NÕKMJHB�

�
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,SÕLOJOH

3JFNBOO�UFOTPSO Rµ
ντσ  HFS FUU NÇUU QÇ FUU SVNT LSÕLOJOH PDI

ÅS FO UFOTPS NFE GZSB JOEFY� %FO IBS TZNNFUSJFSOB Rµντσ =
−Rνµτσ=Rτσµν PDI Rµ

ντσ+R
µ
σντ+R

µ
τσν=0 � * UWÇ EJNFO�

TJPOFS LBO WBSKF JOEFY J 3JFNBOO�UFOTPSO UB WÅSEFOB � FMMFS � TÇ EFU
LBO WFSLB TPN BUU EFO IBS 24 PMJLB LPNQPOFOUFS NFO Q�H�B� TZN�
NFUSJFSOB IBS EFO CBSB FO PCFSPFOEF LPNQPOFOU� * GZSB EJNFO�
TJPOFS UBS JOEFYFO WÅSEFOB ��� FMMFS � TPN HFS 44 LPNQPOFOUFS
TPN TZNNFUSJFSOB TFEBO SFEVDFSBS UJMM �� PCFSPFOEF� * UFSNFS BW
NFUSJLFO HFT 3JFNBOO�UFOTPSO BW�

Rµ
ντσ =

∂Γµ
νσ

∂xτ
− ∂Γµ

ντ

∂xσ
+ Γρ

νσΓ
µ
ρτ − Γρ

ντΓ
µ
ρσ ,

EÅS $ISJTUPĒFM�TZNCPMFSOB HFT BW

Γµ
ντ =

gµσ

2

(
∂gσν
∂xτ

+
∂gστ
∂xν

− ∂gντ
∂xσ

)
.

&JOTUFJOT TVNNBLPOWFOUJPO IBS IÅS BOWÅOUT U�FY� Γρ
ντΓ

µ
ρσ ≡

∑3
ρ=0 Γ

ρ
ντΓ

µ
ρσ � 3JFNBOO�UFOTPSO J FO QVOLU 1 LBO EFêOJFSBT HF�

OPN EFO HFPEFUJTLB FĒFLUFO GÕS FO WFLUPS vµ TPN QBSBMMFMMUSBOT�
QPSUFSBT SVOU FO JOêOJUFTJNBM TMVUFO LVSWB SVOU 1 TPN ∆vµ =
− 1

2 (R
µ
ντσ)1 v

νAτσ  EÅS Aτσ HFS ZUBO JOOOBGÕS LVSWBO� 'SÇO
3JFNBOO�UFOTPSO EFêOJFSBS NBO TFEBO 3JDDJ�UFOTPSO TPN Rµν ≡
Rτ

µτν PDI LSÕLOJOHTTLBMÅSFO R ≡ gµνRµν � &JOTUFJO�UFOTPSO HFT
BW Gµν ≡ Rµν − Rgµν

2 � 'ÕS UWÇ�EJNFOTJPOFMMB ZUPS ÅS LSÕLOJOHT�
TLBMÅSFO UWÇ HÇOHFS EFO (BVTTJTLB LSÕLOJOHFO EWT�R=2/(ρ1ρ2)�
)ÅS ÅS ρ1 PDI ρ2 EFO TUÕSTUB PDINJOTUB LSÕLOJOHTSBEJF TPN LVSWPS
HFOPN FO HJWFO QVOLU IBS� 'ÕS FO TGÅS TBNNBOGBMMFS EF UWÇ LSÕL�
OJOHTSBEJFSOB NFE TGÅSFOT SBEJF�

-ÇU PTT OV CFUSBLUB UWÇ PMJLB IÅOEFMTFS EÅS EFO FOB ÅS VUTÅO�
EBOEFU BW FO MKVTTJHOBM PDI EFO BOESB NPUUBHBOEFU BW TJHOBMFO�
"OUBH GÕS FOLFMIFUT TLVMM BUU WJ CBSB IBS FO SVNTSJLUOJOH TPN HFT
BW x�BYFMO� 0N MKVTFU SÕS TJH TUSÅDLBO Ex QÇ UJEFO Et GÇT BUU EFTT
IBTUJHIFU ÅS c = Ex/Et � &OMJHU SFMBUJWJUFUTUFPSJO ÅS MKVTIBTUJHIF�
UFO TBNNB GÕS BMMB PCTFSWBUÕSFS TÇ FO BOOBO PCTFSWBUÕS NFE LP�
PSEJOBUFSOB x′ PDI t′ GÇS QÇ TBNNB TÅUU c = Ex′/Et′ � 7J LBO OV
EFêOJFSB FUU HFOFSBMJTFSBU BWTUÇOE J SVNUJEFO Es2 = c2 Et2−Ex2

PDI TFS BUU EFU IBS TBNNB WÅSEF GÕS CÅHHF PCTFSWBUÕSFSOB OÅN�
MJHFO OPMM� * BMMNÅOIFU ÅS ds PDI Es′ NFMMBO UWÇ PMJLB IÅOEFMTFS
JOUF OPMM NFO PN NBO QPTUVMFSBS BUU Es=Es′ GÕS BMMB QBS BW IÅO�

�
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'JHVS �� )ÅOEFMTFSOB 0 PDI 0′ J EFO WÅOTUSB êHVSFO TLFS CÇEB J x = 0
PDI QJMFO 00′ LBO WJTB IVS FO êY PCTFSWBUÕS SÕS TJH J SVNUJEFO� 1Ç NPU�
TWBSBOEF TÅUU SFQSFTFOUFSBS QJMFO 01 OÇHPU TPN SÕS TJH NFMMBO 0 PDI 1 NFE
FO LPOTUBOU IBTUJHIFU NJOESF ÅO MKVTIBTUJHIFUFO� &ѫFSTPN MKVT SÕS TJH NFE
IBTUJHIFU c GÕMKFS MKVT TPN VUHÇS GSÇO 0 CBOPS GÕS WJMLB x=±ct� %F HFT BW
QJMBSOB 0$′ PDI 0$′′ TPN MVUBS ��◦J EJBHSBNNFU� * EFO IÕHSB CJMEFO 	EÅS
WJ WJTBS UWÇ BW EF USF SVNTEJNFOTJPOFSOB
 LBO WJ TF IVS MKVT TPN TÅOET VU
GSÇO PSJHP SÕS TJH MÅOHT FO LPO� &ѫFSTPN IBTUJHIFUFO GÕS NBTTJWB QBSUJLMBS
BMMUJE ÅS NJOESF ÅO D SÕS EF TJH MÅOHT CBOPS NFE FO MVUOJOH TPN ÅS NJOESF
ÅO ��◦�

EFMTFS GÇT FO LPOTJTUFOU UFPSJ TPN TUÅNNFS NFE PCTFSWBUJPOFS��
0N WJ VUWJEHBS EFOOB T�L� JOWBSJBOU UJMM USF SVNTEJNFOTJPOFS GÇT
.JOLPXTLJ�NFUSJLFO�

Es2 = c2 Et2 − Ex2 − Ey2 − Ez2 ≡
3∑

µ=0

3∑

ν=0

ηµν Exµ Exν

≡ ηµν Exµ Exν , µ, ν = 0, 1, 2, 2 ,

EÅS J TJTUB TUFHFU &JOTUFJOT TVNNBLPOWFOUJPO IBS BOWÅOUT� %FO
TZNNFUSJTLB GZSB HÇOHFS GZSB�NBUSJTFO ηµν HFT BW�

ηµν =

⎛

⎜⎜⎝

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎞

⎟⎟⎠ .

.JOLPXTLJ�NFUSJLFO ÅS FO TMBHT HFOFSBMJTFSJOH BW 1ZUIBHPSBT TBUT
NFO NFE PMJLB UFDLFO GÕS SVNT� PDI UJETUFSNFSOB�

�"OUBHBOEFU LBO EFTTVUPN NPUJWFSBT GSÇO SVNUJEFOT TZNNFUSJFS�

�
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�££©tª ¼�£pÆ�Ó�Æ�ÆÀÆ�¯¼�
*EÊO ÅS OV BUU JOGÕSB HSBWJUBUJPO HFOPN BUU HFOFSBMJTFSB UJMM LSÕLUB
SVNUJEFS� 7J HÕS EFUUB HFOPN BUU MÇUB LPFēDJFOUFSOB ηµν J Es2 WBSB
NFS BMMNÅOOB TZNNFUSJTLB GVOLUJPOFS gµν =gνµ BW SVN PDI UJE
TÇ BUU Es2 HÇS ÕWFS J�

Es2 = gµν Exµ Exν , µ, ν = 0 , 1 , 2 , 3 .

*OGPSNBUJPO PN HFPNFUSJO BMUFSOBUJWU HSBWJUBUJPOTGÅMUFU êOOT OV
J LPNQPOFOUFSOB gµν = gµν(xτ ) TPN ÅS UJP PCFSPFOEF GVOLUJP�
OFS BW SVNUJETLPPSEJOBUFSOB� &O CFHSÅOTOJOH QÇ IVS NFUSJLFO
LBO WÅMKBT ÅS EPDL BUU NBO SVOU FO HPEUZDLMJH SVNUJETQVOLU TLB
LVOOB WÅMKB LPPSEJOBUFS TÇ BUU NFUSJLFO OÅTUBO TBNNBOGBMMFS NFE
.JOLPXTLJ�NFUSJLFO� (FPNFUSJTLU NPUTWBSBT EFU BW BUU NBO LBO
BQQSPYJNFSB FO LSÕLU ZUB SVOU FO QVOLU NFE UBOHFOUQMBOFU J EFO
QVOLUFO� (SBWJUBUJPOFMMU TFUU NPUTWBSBT EFU BW BUU NBO BMMUJE LBO

'JHVS �� * WÅOTUSB CJMEFO TFT IVS FO CVLUJH ZUB LBO BQQSPYJNFSBT NFE TJUU
UBOHFOUQMBO J FO PNHJWOJOH BW FO QVOLU� * EF UWÇ BOESB WJTBT EFMT IVS FO
CPMM TPN LBTUBT IPSJTPOUFMMU WJE KPSEZUBO GÕMKFS FO LBTUQBSBCFM PDI EFMT IVS
EFO CMJS UZOHEMÕT J FUU GSJUU GBMMBOEF TZTUFN�

WÅMKB FUU GSJUU GBMMBOEF TZTUFN WJMLFU JOOFCÅS BUU HSBWJUBUJPOFO MP�
LBMU USPMMBT CPSU J FUU PNSÇEF TPN ÅS UJMMSÅDLMJHU MJUFU GÕS BUU HSBWJUB�
UJPOTGÅMUFU TLB LVOOB TFT TPN IPNPHFOU�

%FUUB ÅS EFO T�L� FLWJWBMFOTQSJODJQFO TPN PDLTÇ LBO GPSNV�
MFSBT TPN BUU EFO USÕHB PDI UVOHB NBTTBO ÅS MJLB WJMLFU JOOFCÅS
BUU BMMB NBTTPS GÇS TBNNB BDDFMFSBUJPO J FUU HJWFU HSBWJUBUJPOTGÅMU�
%FO USÕHBNBTTBO ÅS EFO TPNHFS FUUNPUTUÇOENPU FO BDDFMFSFSBO�
EF LSBѫ J /FXUPOT BOESB MBH PDI EFO UVOHB ÅS EFO HSBWJUBUJPOFMMB
MBEEOJOH TPN HÕS BUU NBTTPS BUUSBIFSBS WBSBOESB FOMJHU /FXUPOT
HSBWJUBUJPOTMBH� %FO VOHFSTLF GZTJLFSO -PSÃOE &ÕUWÕT WJTBEF SF�
EBO SVOU GÕSSB TFLFMTLJѫFU BUU EFO SFMBUJWB TLJMMOBEFO NFMMBO UVOH
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PDI USÕH NBTTB WBS NJOESF ÅO 10−8� /VUJEB NÅUOJOHBS NFE TB�
UFMMJUFO .*$304$01& HFS FO ÕWSF HSÅOT QÇ 10−15� :UUFSMJHHBSF
FUU TÅUU BUU GPSNVMFSB FLWJWBMFOTQSJODJQFO ÅS BUU UFTUQBSUJLMBS TPN
FOEBTU QÇWFSLBT BW HSBWJUBUJPOFO SÕS TJH MÅOHT EF SBLBTU NÕKMJHB
CBOPSOB J SVNUJEFO EWT� HFPEFUFS�

/PUFSB BUU gµν OÅSNBTU ÅS FO HFOFSBMJTFSJOH BW EFO /FXUPOT�
LB QPUFOUJBMFO φ TÇ WBE TPN OÅSNBTU NPUTWBSBS EFU /FXUPOT�
LB HSBWJUBUJPOTGÅMUFU H ÅS EFSJWBUPS BW gµν  ∂gµν

∂xτ � "UU WJ LBO IJU�
UB FUU TZTUFN EÅS HSBWJUBUJPOTGÅMUFU GÕSTWJOOFS J FO QVOLU NPUTWB�
SBT EÇ BW BUU EFSJWBUPSOB CMJS OPMM J EFO QVOLUFO 	NFO JOUF ÕWFS�
BMMU
� 'ÕS BUU BWHÕSB PN FO SVNUJE ÅS HFOVJOU LSÕLU CFIÕWFS WJ
ÅWFO CFTUÅNNB 3JFNBOO�UFOTPSO 	TF GBLUBSVUB PN LSÕLOJOH

TPN JOOFIÇMMFS BOESB�EFSJWBUPS BW NFUSJLFO� (SBWJUBUJPOFMMU TFUU
ÅS 3JFNBOO�UFOTPSO FUU NÇUU QÇ JOIPNPHFOJUFUFS J HSBWJUBUJPOTGÅM�
UFU TÇ LBMMBEF UJEWBUUFOLSBѫFS�

'ÕS BUU GÇ FO LPNQMFUU UFPSJ CFIÕWFS WJ PDLTÇ FLWBUJPOFS TPN
MJLU 1PJTTPOT FLWBUJPO J /FXUPOT UFPSJ LPQQMBS HSBWJUBUJPOTGÅMUFU
UJMM EFTT LÅMMPS EWT� NBUFSJB PDI BOOBO FOFSHJ� %F TMVUMJHB FLWBUJP�
OFSOB &JOTUFJOT FLWBUJPOFS QVCMJDFSBEFT BW "MCFSU &JOTUFJO �����
%F SFMBUFSBS LSÕLOJOHFO TPN CFTLSJWFS HSBWJUBUJPOFO UJMM LÅMMPSOB
PDI HFT BW�

Gµν =
8πG

c4
Tµν + Λ gµν ,

EÅS &JOTUFJO�UFOTPSOGµν ÅS FO SFOU HFPNFUSJTL TUPSIFU CJMEBE GSÇO
3JFNBOO�UFOTPSO PDI Tµν CFTLSJWFS NBUFSJFOT FOFSHJ PDI SÕSFM�
TFNÅOHE� &O TÇ LBMMBE LPTNPMPHJTL LPOTUBOU Λ ÅS PDLTÇ UJMMBHE�
&O QPTJUJW LPTNPMPHJTL LPOTUBOU HFS FUU TMBHT OFHBUJWU USZDL TPN
LBO CBMBOTFSB EFO BUUSBLUJWB HSBWJUBUJPOTLSBѫFO� %FO MBEFT GÕSTU
UJMM BW &JOTUFJO GÕS BUU LVOOB GÇ FUU TUBUJTLU VOJWFSTVN NFO IBO
GÕSLBTUBEF EFO TFEBO OÅS &EXJO )VCCMFT SFTVMUBU ���� WJTBEF BUU
VOJWFSTVN WFSLBS FYQBOEFSB� ,POTUBOUFO IBS GÇUU FO SFOÅTTBOT QÇ
TFOBSF ÇS TPN FO GÕSLMBSJOH UJMM EF PCTFSWBUJPOFS TPN WJTBS BUU VOJ�
WFSTVN JOUF CBSB FYQBOEFSBS VUBO BUU FYQBOTJPOTIBTUJHIFUFO EFTT�
VUPN ÕLBS� 6UBO LPTNPMPHJTL LPOTUBOU CPSEF FYQBOTJPOTIBTUJH�
IFUFO NJOTLB Q�H�B� EFO ÕNTFTJEJHB BUUSBLUJWB HSBWJUBUJPOFO NFM�
MBO VOJWFSTVNT PMJLB EFMBS�

1Ç HSVOE BW BUU NBO LBO WÅMKB EF GZSB SVNUJET�LPPSEJOBUFSOB
OÅTUBO GSJUU LBO NBO BMMUJE USBOTGPSNFSB CPSU GZSB BW NFUSJLFOT
LPNQPOFOUFS TÇ HSBWJUBUJPOTGÅMUFU WFSLBS BMMUTÇ IB UPUBMU TFY HF�

�
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OVJOB GSJIFUTHSBEFS� /FXUPOT HSBWJUBUJPOTUFPSJ IBS CBSB FO GSJIFUT�
HSBE HJWFO BW QPUFOUJBMFO φ TÇ WBE ÅS UPMLOJOHFO BW EF ÕWSJHB 

5PMLOJOHFO CFSPS UJMM WJTT EFM QÇ IVS WJ êYFSBS LPPSEJOBUFSOB
NFO MJUF MÕTU LBO WJ TÅHB BUU FO BW GSJIFUTHSBEFSOB LBO TFT TPN FO
HFOFSBMJTFSJOH BW EFO /FXUPOTLB QPUFOUJBMFO φ USF TPN FO SVNT�
WFLUPS TPN CFTLSJWFS IVS SVNUJEFO ESBT NFE BW SPUBUJPOFO IPT
LÅMMBO UJMM HSBWJUBUJPOTGÅMUFU PDI TMVUMJHFO UWÇ GSJIFUHSBEFS TPN CF�
TLSJWFS QPMBSJTBUJPOFSOB IPT FUU NBTTMÕTU GÅMU TPN GPSUQMBOUBS TJH
NFE MKVTIBTUJHIFUFO EWT� HSBWJUBUJPOTWÇHPS�

N|�Ôp¼ßÀ|��£�Į©�Æ¼� �ª
*OOBO WJ HFS PTT JO QÇ SPUFSBOEF SVNUJEFS MÇU PTT TF IVS GÅMUFU SVOU
FO JDLF SPUFSBOEF TUKÅSOB TFS VU PDI TFEBO TÅUUB TOVSS QÇ EFO� 'ÅMUFU
J WBLVVN VUBOGÕS FO TGÅSJTLU TZNNFUSJTL LSPQQ HFT BW 4DIXBS[�
TDIJME�NFUSJLFO TPN GBOOT BW ,BSM 4DIXBS[TDIJME ���� OÅS IBO
CFGBOO TJH J FO BW GÕSTUB WÅSMETLSJHFUT TLZUUFHSBWBS� %FO CFTLSJWFS

'JHVS �� 3FQSFTFOUFSJOH BW SVNNFUT LSÕLOJOH J FLWBUPSJBMQMBOFU 	θ =
π/2
� %FO DFOUSBMB EFMFO BW 4DIXBS[TDIJME�NFUSJLFO ÅS CPSUTLVSFO PDI
FSTBUU BW TPMFO PDI SVOU EFO SÕS TJH FO QMBOFU 	EFU NJOESF LMPUFU
�

PDLTÇ JDLF�SPUFSBOEF TWBSUB IÇM� * TGÅSJTLB LPPSEJOBUFS HFT NFUSJ�
LFO BW�

Es2 =
(
1− 2m

r

)
c2 Et2 − Er2(

1− 2m
r

) − r2 Eθ2 − r2 TJO2θ Eϕ2 ,

EÅS m ≡ GM
c2

J UFSNFS BW NBTTBO M IPT PCKFLUFU TPN HFS VQQ�
IPW UJMM GÅMUFU� #PSUTFUU GSÇO NBTTBOT WÅSEF ÅS EFUUB EFO VOJLB TGÅ�
SJTLU TZNNFUSJTLB WBLVVNMÕTOJOHFO UJMM &JOTUFJOT FLWBUJPOFS� 0N
m TÅUUT UJMM OPMM CFTLSJWFS NFUSJLFO FUU QMBUU SVN PDI r HFS EÇ BW�
TUÇOEFU GSÇO DFOUSVN� 'ÕS OPSNBMB TUKÅSOPS ÅS UFSNFO 2m

r
NZDLFU
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NJOESF ÅO FUU J WBLVVNSFHJPOFO VUBOGÕS TUKÅSOBO WJMLFU CFUZEFS
BUU BWWJLFMTFO GSÇO QMBUU SVN ÅS MJUFO PDI BUU HSBWJUBUJPOFO ÅS TWBH
PDI CFTLSJWT WÅM BW /FXUPOT HSBWJUBUJPOTMBH� 'ÕS TPMFO ÅS 2m VO�
HFGÅS � LN EWT� NZDLFU NJOESF ÅO TPMFOT SBEJF JOOBOGÕS WJMLFO
ÅOEÇ FO BOOBO MÕTOJOH UJMM GÅMUFLWBUJPOFSOB HÅMMFS�

.FE FHFOUJE NFOBS WJ EFO UJE TPN FO PCTFSWBUÕS NÅUFS J TJUU
FHFU WJMPTZTUFN� &HFOUJEFO TPN FO êY PCTFSWBUÕS NÅUFS WJE FO SB�
EJF r HFT BW τ=

√
1− 2m

r
t� 7J TFS BUU KV EKVQBSF OFS WJ ÅS J HSBWJUB�

UJPOTGÅMUFU EFTUP MÇOHTBNNBSF HÇS UJEFO� 'SÇO EFUUB GÕMKFS BUU MKVT
NFE WÇHMÅOHEFO λ1 TPN TÅOET GSÇO FO SBEJF r1 UJMM FO TUÕSSF SBEJF
r2 CMJS SÕEGÕSTLKVUFU UJMM λ2 FOMJHU�

λ2 = λ1

√
1− 2m

r2√
1− 2m

r1

.

%FU LBO UPMLBT TPN BUU GPUPOFSOB UBQQBS FOFSHJ OÅS EF BSCFUBS TJH
VQQ J HSBWJUBUJPOTGÅMUFU�

&O OPSNBM TUKÅSOB LBO JOUF WBSB NJOESF ÅO 2m FѫFSTPN FO
BW LPFēDJFOUFSOB CMJS OPMM PDI FO BOOBO PÅOEMJH GÕS r = 2m�
4DIXBS[TDIJME�NFUSJLFO CFTLSJWFS EÇ FUU JDLF�SPUFSBOEF TWBSU IÇM
TPN PNHFT BW FO IÅOEFMTFIPSJTPOU WJE r = 2m� %FU ÅS FO ZUB
CPSUPNWJMLFO JOHFO ÇUFSWÅOEP ÅSNÕKMJH� 7JE EFO UJQQBS MKVTLPOFO
ÕWFS TÇ NZDLFU BUU BMMU JOLMVTJWF MKVT UWJOHBT SÕSB TJH NPU FUU PÅOE�
MJHU UÅUU UJMMTUÇOE � FO TJOHVMBSJUFU � WJE r = 0� %FO MPLBMB UJET�
SJLUOJOHFO HFT BW MKVTLPOFOT TZNNFUSJBYFM� %FU WFSLBS BMMUTÇ TPN
BUU CFUZEFMTFO BW LPPSEJOBUFSOB t PDI r CZUFS QMBUT WJE IÅOEFMTF�
IPSJTPOUFO�� 4PN TFT J GPSNFMO PWBO HÇS PDLTÇ SÕEGÕSTLKVUOJOHFO
NPU PÅOEMJHIFUFO GÕS MKVT TPN TÅOET VU OÅSB IÅOEFMTFIPSJTPOUFO�

4WBSUB IÇM LBO U�FY� CJMEBT GSÇO LPMMBQTBOEF NBTTJWB TUKÅSOPS
TPN GÕSCSVLBU TJUU CSÅOTMF PDI JOUF MÅOHSF LBO TLBQB FUU USZDL TPN
CBMBOTFSBS HSBWJUBUJPOFO� ¨WFO EF DFOUSBMB EFMBSOB BW HBMBYFS WFS�
LBS IÅSCÅSHFSB HJHBOUJTLB TWBSUB IÇM TPN BOUBHMJHFO GPSNBUT J TBN�
CBOE NFE CJMEBOEFU BW HBMBYFSOB�

/PCFMQSJTFU ���� UJMMEFMBEFT 3PHFS 1FOSPTF uGÕS VQQUÅDLUFO
BUU CJMEBOEFU BW TWBSUB IÇM ÅS FO SPCVTU GÕSVUTÅHFMTF BW BMMNÅO SFMB�

�* TKÅMWB WFSLFU HÅMMFS JOUF LPPSEJOBUFSOB QÇ TKÅMWB IÅOEFMTFIPSJTPOUFO NFO
NBO LBO êOOB BOESB TPN ÅS HJMUJHB CÇEF VUBOGÕS PDI JOOBOGÕS IÅOEFMTFIPSJ�
TPOUFO CPSUTFUU GSÇO J TJOHVMBSJUFUFO WJE r = 0� %F HJWOB LPPSEJOBUFSOB LBO
BOWÅOEBT ÅWFO JOOBOGÕS IÅOEFMTFIPSJTPOUFO NFO EÇ ÅS r FO UJETLPPSEJOBU PDI
t FO SVNTLPPSEJOBU�
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'JHVS �� -KVTLPOFO UJQQBS ÕWFS NFS PDI NFS KV OÅSNBSF IÅOEFMTFIPSJTPO�
UFO EFO ÅS� 7JE r = 2m UJQQBS EFO ÕWFS TÇ NZDLFU BUU MKVT GÇOHBT� %FO
MPLBMB UJETSJLUOJOHFO HFT BW LPOFOT BYFM�

UJWJUFUTUFPSJu 	TF BSUJLFM BW *OHFNBS #FOHUTTPO J EFOOB VQQMBHB BW
,PTNPT
 PDI UJMM 3FJOIBSE(FO[FM PDI"OESFB(IF[ uGÕS VQQUÅDL�
UFO BW FUU TVQFSNBTTJWU LPNQBLU PCKFLU J DFOUSVN BW WÇS HBMBYu�

J¯ÆpÆ�¯ª � p££©tª ¼�£pÆ�Ó�Æ�ÆÀÆ�¯¼�
&O BQQSPYJNBUJW WBLVVNMÕTOJOH UJMM &JOTUFJOT FLWBUJPOFS TPN CF�
TLSJWFS GÅMUFU VUBOGÕS FO MÇOHTBNU SPUFSBOEF TUKÅSOB HFT BW�

Es2 =
(
1−2m

r

)
c2 Et2 − Er2(

1− 2m
r

) − r2 Eθ2

− r2 TJO2θ Eϕ2 +
4ma TJO2θ

r
c Et Eϕ .

3PUBUJPOTQBSBNFUFSO HFT BW a=J/(cM) EÅSJ ÅS TUKÅSOBOT SÕSFM�
TFNÅOHETNPNFOU PDI HFS FO OZ GSJIFUTHSBE WJE TJEBO BW NBTTQB�
SBNFUFSOm� * EFU IÅS LPPSEJOBUTZTUFNFU ÅS HSBWJUBUJPOTGÅMUFU UJET�
PCFSPFOEF PDI SPUFSBS JOUF PÅOEMJHU MÇOHU GSÇO TUKÅSOBO�

-PLBMU êOOT J BMMNÅO SFMBUJWJUFUTUFPSJ BMMUJE FO OBUVSMJH VQQ�
EFMOJOH NFMMBO WBE TPN ÅS SVN PDI UJE GÕS FO HJWFO PCTFSWBUÕS�
,PSTUFSNFO Et Eϕ WJTBS EPDL BUU SVN PDI UJE ÅS JOUJNU GÕSLOJQQB�
EF PDI BUU FO HMPCBM VQQEFMOJOH NFMMBO EFN JOUF BMMUJE ÅS NÕKMJH��

&O FĒFLU BW EFUUB ÅS BUUNBO JOUF LBO TZOLSPOJTFSB FO VQQTÅUU�
OJOH BW LMPDLPS TPN MJHHFS êYB J SVNNFU J FO SJOH SVOU TUKÅSOBO�
.BO LBO GÕSTÕLB HFOPN BUU TUFHWJT TLJDLB MKVTUSÇMBS GSÇO GÕSTUB UJMM

�.BO LBO EPDL WÅMKB LPPSEJOBUFS TÇ BUU LPSTUFSNFO GÕSTWJOOFS NFO J BMM�
NÅOIFU CMJS NBO ÅOEÇ JOUF BW NFE QSPCMFNFO NFE SVNUJEFOT HMPCBMB TUSVLUVS�
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BOESB LMPDLBO P�T�W� UJMMTNBO HÇUU WBSWFU SVOU� &ѫFSTPN MKVTFU BMMUJE
SÕS TJH NFE FO PDI TBNNB IBTUJHIFU c PDI EF SVNTMJHB BWTUÇOEFO
LBO NÅUBT WFU NBO IVS MÇOH UJE EFU TLB UB BUU HÇ NFMMBO LMPDLPSOB�
'ÕSTU LPNNFS NBO ÕWFSFOT PN BUU EFO GÕSTUB LMPDLBO OPMMTUÅMMT
OÅS GÕSTUB TJHOBMFO TÅOET VU� %F BOESB WFU TFEBO OÅS EF TLB GÇ TJOB
TJHOBMFS PDI LBO TUÅMMB TJOB LMPDLPS EÅSFѫFS� &ѫFS FUU WBSW LPN�
NFS EPDL GÕSTUB PDI TJTUB LMPDLBO 	TPN QMBDFSBUT QÇ TBNNB QMBUT

BUU WJTB PMJLB UJEFS�

,PSTUFSNFO HFS PDLTÇ FO FĒFLU TPN LBO TFT TPN BUU SVNUJ�
EFO ESBT NFE BW SPUBUJPOFO GSBNF ESBHHJOH� -ÇU PTT CFUSBLUB EFU
IFMB J FLWBUPSJBMQMBOFU θ=π/2 EÅS FĒFLUFO BW SPUBUJPOFO ÅS TPN
TUÕSTU� -ÇU FO QBSUJLFM GBMMB GSJUU JO NPU TUKÅSOBO GSÇO TÇ TUPSU BW�

'JHVS �� &O QBSUJLFM TPN GBMMFS JO NPU FO SPUFSBOEF LÅMMB ESBT NFE BW
SPUBUJPOFO�

TUÇOE BUU SPUBUJPOTFĒFLUFO LBO GÕSTVNNBT� "OUBH WJEBSF BUU EFTT
SÕSFMTFNÅOHETNPNFOU ÅS OPMM EWT� BUU EFO JOJUJBMU JOUF SÕS TJH J ϕ�
SJLUOJOHFO� 5SPUT EFUUB LPNNFS QBSUJLFMO BUU GÇ FO WJOLFMIBTUJHIFU
TPN HFT BW

ω ≡ Eϕ
Et

=
2cam

r3
.

1BSUJLFMO ESBT NFE J SPUBUJPOFO PDI FĒFLUFO CMJS TUÕSSF KV NJOESF
BWTUÇOEFU r ÅS�

0N TUKÅSOBO CMJS SJLUJHU MJUFO TPN FO OFVUSPOTUKÅSOB FMMFS SFOU
BW LPMMBQTBS UJMM FUU TWBSU IÇM CFIÕWT FO OPHHSBOOBSF MÕTOJOH GÕS
BUU CFTLSJWB NFEESBHHOJOHTFĒFLUFSOB QÇ TNÇ BWTUÇOE� &YBLUB MÕT�
OJOHFO GÕS SPUFSBOEF TWBSUB IÇM GBOOT BW 3PZ ,FSS ���� PDI HFT BW�
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Es2 =
(
1−2mr

Σ

)
c2 Et2 − Σ

∆
Er2 − Σ Eθ2

− A

Σ
TJO2θ Eϕ2 +

4mar TJO2θ

Σ
c Et Eϕ ,

EÅS ∆= r2−2mr+a2  Σ= r2+a2 DPT2θ  A= (r2+a2)
2−

a2∆ TJO2θ PDI m PDI a ÅS EFêOJFSBEF TPN UJEJHBSF�
&UU SPUFSBOEF TWBSU IÇM IBS J KÅNGÕSFMTFNFE FUU JDLF�SPUFSBOEF

FO HBOTLB LPNQMFY TUSVLUVS� 7JE EFO TUBUJTLB HSÅOTFO TPN ÅS EFO
ZUB GSÇO WJMLFO EFU HSBWJUBUJPOFMMB SÕEGÕSTLKVUOJOHFO CMJS PÅOEMJHU
PDI HFT BW Σ = 2mr CMJS NFEESBHHOJOHTFĒFLUFO TÇ TUPS BUU EFU
JOUF MÅOHSF ÅS NÕKMJHU BUU NPUTUÇ EFO FOT NFE EF TUBSLBTUF NPUP�
SFS� 'ÕS FUU SPUFSBOEF TWBSU IÇM ÅS EFUUB EPDL JOUF IÅOEFMTFIPSJ�
TPOUFO� %FO GÕSTUB IÅOEFMTFIPSJTPOUFO EÅS MKVT GÇOHBT êOOT WJE
r = m+

√
m2−a2 EÅS ∆ = 0� 0NSÇEFU NFMMBO EFO TUBUJTLB

HSÅOTFO PDI IÅOEFMTFIPSJTPOUFO LBMMBT FSHPTGÅSFO� %FO ÅS BMMUTÇ
FUU PNSÇEF TPN J FO MÕT NFOJOH SPUFSBS TOBCCBSF ÅO MKVTFU NFO
GSÇO WJMLFU EFU ÅOEÇ ÅS NÕKMJHU BUU UB TJH VU JGSÇO�

'JHVS �� 4USVLUVSFO IPT FUU SPUFSBOEF TWBSU IÇM� * FSHPTGÅSFO NFMMBO EFO
TUBUJTLB HSÅOTFO PDI EFO ZUUSF IÅOEFMTFIPSJTPOUFO ÅSNFEESBHOJOHTFĒFLUFO
TÇ TUBSL BUU EFU ÅS PNÕKMJHU BUU GÕSCMJ J WJMB� *OOBOGÕS IÅOEFMTFIPSJTPOUFSOB
êOOT TJOHVMBSJUFUFO J GPSN BW FO SJOH�

(FOPN EFO T�L� 1FOSPTF�QSPDFTTFO LBONBO GBLUJTLU GÇ FO EFM
BW FO QBSUJLFM TPN QBTTFSBS FSHPTGÅSFO BUU LPNNB VU NFE IÕHSF
FOFSHJ ÅO EFO IBEF GÕSF QBTTBHFO� 5ÅOL BUU FO QBSUJLFM GBMMFS JO J
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FSHPTGÅSFO PDI GBMMFS TÕOEFS J UWÇ CJUBS� "OUBH WJEBSF BUU EFO FOB CJ�
UFO GBMMFS JO J EFU TWBSUB IÇMFU NFEBO EFO BOESB UBS TJH VU JHFO� %FU
IFMB LBO BSSBOHFSBT TÇ BUU CJUFO TPN LPNNFS VU IBS IÕHSF FOFSHJ
ÅO EFO VSTQSVOHMJHB IBEF� 'ÕS BUU FOFSHJO TLB CFWBSBT WFSLBS EFU
EÇ TPN BUU EFO JOGBMMBOEF CJUFO IBS OFHBUJW FOFSHJ� /FUUPFĒFLUFO
CMJS BUU FOFSHJO UBT GSÇO EFU TWBSUB IÇMFUT SPUBUJPOTFOFSHJ�

&ѫFS EFO GÕSTUB IÅOEFMTFIPSJTPOUFO êOOT ZUUFSMJHBSF FO WJE
EFO BOESB SPUFO UJMM ∆=0� *OOBOGÕS EFO êOOT TJOHVMBSJUFUFO TPN
OV ÅS SJOHGPSNBE� 5JMM TLJMMOBE GSÇO TJOHVMBSJUFUFO J 4DIXBS[TDIJME�
NFUSJLFO ÅS EFU NÕKMJHU BUU VOEWJLB BUU USÅĒB SJOHTJOHVMBSJUFUFO�
%FU ÅS U�P�N� NBUFNBUJTLU NÕKMJHU BUU VUWJEHB MÕTOJOHFO UJMM BUU HÅM�
MB GÕS OFHBUJWB r� 'ZTJLBMJTLU TFUU JOOFCÅS EFU BUU NBO LBO QBTTF�
SB HFOPN EFO EJTL TPN IBS SJOHFO TPN LBOU PDI LPNNB JO J FO
IFMU BOOBO WÅSME� )ÅS êOOT TMVUOB UJETBSUBEF LVSWPS� %FU ÅS CB�
OPS J SVNUJEFO MÅOHT WJMLB FOT MPLBMB FHFOUJE TUÅOEJHU ÕLBS NFO
TPN UJMM TJTU ÇUFSLPNNFS UJMM VUHÇOHTQVOLUFO J CÇEF SVN PDI UJE�
#BOPSOB LBO U�P�N� EFGPSNFSBT TÇ BUU NBO ÇUFSWÅOEFS UJMM VUHÇOHT�
QVOLUFO JOOBO NBO TUBSUBEF� 4Ç UJETNBTLJOFS ÅS BMMUTÇ NÕKMJHB J
EFU IÅS PNSÇEFU�

3PUBUJPOTQBSBNFUFSO a CFHSÅOTBT USPMJHFO VQQÇU BW m FѫFS�
TPNDFOUSJGVHBMLSBѫFSOB BOOBST CPSEF IJOESB FO HSBWJUBUJPOFMM LPM�
MBQT UJMM FUU TWBSU IÇM� 0N a WPSF TUÕSSF ÅOm TLVMMF EFTTVUPN SPUB�
UJPOTFOFSHJO WBSB TUÕSSF ÅO EFO UPUBMB FOFSHJO TPN HFT BWm� 0N
WÅSEFU QÇ SPUBUJPOTQBSBNFUFSO a ÅOEÇ TLVMMF ÕWFSTUJHB m ÕQQOBT
IÅOEFMTFIPSJTPOUFSOB MÅOHT SPUBUJPOTBYFMO� 4JOHVMBSJUFUFO TLVMMF
EÇ JOUF MÅOHSF EÕMKBT GÕS PNHJWOJOHFO VUBO NBO GÇS FO T�L� OB�
LFO TJOHVMBSJUFU� &OMJHU 3PHFS 1FOSPTF IZQPUFT PN LPTNJTL DFOTVS
EÕMKT BMMB TJOHVMBSJUFUFS CBLPN IÅOEFMTFIPSJTPOUFS�

�¼pÓ�ÆÚ G¼¯{� �
3FEBO ���� GÕSFTMPH (FPSHF 1VHI CBTFSBU QÇ FUU BSCFUF BW -F�
POBSE 4DIJĒ FUU FYQFSJNFOU TPN TLVMMF LVOOB NÅUB CÇEF NFE�
ESBHHOJOHTFĒFLUFO PDI EFO HFPEFUJTLB FĒFLUFO GSÇO KPSEFOT HSB�
WJUBUJPOTGÅMU� 1SPKFLUFU ESFWT TFEBO WJEBSF BW GSBNGÕS BMMU 'SBODJT
&WFSJUU PDI ���� LVOEF FO TBUFMMJU GÕS (SBWJUZ 1SPCF #�FYQFSJNFO�
UFU TÅOEBT VQQ� 'ÕS BUU LVOOBNÅUB EF UWÇ FĒFLUFSOB CFIÕWT JOTUSV�
NFOU TPN LBO CFIÇMMB TJO SJLUOJOH NFE TUPS OPHHSBOOIFU� -ÅNQ�
MJHB TÇEBOB ÅS HZSPTLPQ TPN TQJOOFS TOBCCU PDI TPN JOUF IFMMFS
VUTÅUUT GÕS OÇHSB WSJEBOEF NPNFOU�

'ÕS FUU HZSPTLPQ J FO CBOB SVOU KPSEFO QÇ FO IÕKE BW ��� LN ÅS

��
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'JHVS �� -FPOBSE 4DIJĒ 	ÕWFSTU UJMM WÅOTUFS
 (FPSHF 1VHI 	OFEFSTU UJMM WÅOT�
UFS
 PDI %BO %FCSB #JMM 'BJSCBOL 'SBODJT &WFSJUU PDI #PC $BOOPO NFE
FO NPEFMM BW (SBWJUZ 1SPCF # ���� <NFE UJMMTUÇOE GSÇO +BNFT 0WFSEVJO
	����
>�

NFESBHHOJOHTFĒFLUFO Q�H�B� KPSEFOT SPUBUJPO VOHFGÅS ���� CÇHTF�
LVOEFS QFS ÇS NFO WJ GÇS JOUF HMÕNNB CPSU EFO HFPEFUJTLB FĒFL�
UFO� 4PN WJ TÇH UJEJHBSF LPNNFS FO WFLUPS TPN QBSBMMFMMUSBOTQPS�
UFSBT SVOU FO LVSWB BUU ÅOESB TJO SJLUOJOH J FUU LSÕLU SVN� * EFU
BLUVFMMB GBMMFU ÅS FĒFLUFO �� CÇHTFLVOEFS QFS ÇS� %FO HFPEFUJT�
LB FĒFLUFO ÅS BMMUTÇ VOHFGÅS ��� HÇOHFS TUÕSSF ÅO NFEESBHOJOHT�
FĒFLUFO TÇ IVS TLB WJ LVOOB TFQBSFSB VU EFN GSÇO WBSBOESB %FO
NJOESF FĒFLUFO CPSEF uESVOLOBu J EFO TUÕSSF� 1SPCMFNFU IBS MÕTUT
QÇ FUU TOJMMSJLU TÅUU� &ѫFSTPN NFEESBHHOJOHTFĒFLUFO ÅS WJOLFMSÅU
NPU KPSEFOT SPUBUJPOTBYFM NFEBO EFO HFPEFUJTLB FĒFLUFO ÅS J CB�
OBOT QMBO MÇUFS NBO TBUFMMJUFO HÇ J FO QPMÅS CBOB EWT� GSÇO QPM UJMM
QPM� 1Ç TÇ TÅUU CMJS EF UWÇ FĒFLUFSOB WJOLFMSÅUB NPU WBSBOESB�

* (SBWJUZ 1SPCF # BOWÅOET GZSB LMPUGPSNJHB HZSPTLPQ BW VO�
HFGÅS QJOHQPOH�CPMMBST TUPSMFL 	TF BSUJLFMOT JOHSFTTCJME
� %F ÅS OÅS�
NBTU QFSGFLU TGÅSJTLB� EFSBT SBEJFS WBSJFSBS NFE NJOESF ÅO �� ON�
0N NBO GÕSTUPSBEF VQQ FUU TÇEBOU LMPU UJMM KPSEFOT TUPSMFL TLVMMF
EFU IÕHTUB CFSHFU CMJ VOHFGÅS �� N� 'ÕS BUU NJOTLB WÅYFMWFSLBO
NFE PNHJWOJOHFO LZMT EFO PDI HZSPTLPQFO OFE UJMM VOEFS UWÇ LFM�
WJO NFE IKÅMQ BW TVQSBëZUBOEF IFMJVN� ,MPUFO ÅS HKPSEB BW TNÅMU
LWBSUT PDI LMÅEEB NFE FUU UVOU IÕMKF BW OJPC TPN CMJS TVQSBMF�
EBOEF WJE OFELZMOJOHFO� &UU NBHOFUGÅMU QBSBMMFMMU NFE HZSPTLP�
QFUT SPUBUJPOTBYFM HFOFSFSBT EÇ PDI EFU ÅS NFE IKÅMQ BW EFU TPN
HZSPTLPQFUT SJLUOJOH LBO NÅUBT� 4BUFMMJUFO JOOFIÇMMFS PDLTÇ FUU UF�
MFTLPQ JOTUÅMMU NPU FO SFGFSFOTQVOLU TPN HFT BW )3���� FMMFS *.
1FHBTJ TPN ÅS FO EVCCFMTUKÅSOB J TUKÅSOCJMEFO 1FHBTVT�
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'JHVS �� (FPEFUJTL FĒFLU PDI NFEESBHOJOHTFĒFLU IPT FUU HZSPTLPQ TPN SÕS
TJH J FO QPMÅS CBOB SVOU KPSEFO� %FO HFPEFUJTLB FĒFLUFO ÅS J TBUFMMJUCBOBOT
QMBO NFEBO NFEESBHOJOHTFĒFLUFO ÅS J KPSEFOT FLWBUPSJBMQMBO�

3FTVMUBUFO GSÇO FYQFSJNFOUFU QVCMJDFSBEFT J 1IZTJDBM 3FWJFX
-FUUFST ����� 'ÕS EFO HFPEFUJTLB FĒFLUFO FSIÕMMT 6,6018±0,0183
CÇHTFLVOEFS QFS ÇS TPN TUÅNNFS WÅM NFE GÕSVUTÅHFMTFO GSÇO BMM�
NÅO SFMBUJWJUFUTUFPSJ� 5ZWÅSS LVOEF NBO JOUF NÅUB NFEESBHOJOHT�
FĒFLUFO NFE TBNNB IÕHB QSFDJTJPO NFO EFU FSIÇMMOB NFEFMWÅS�
EFU QÇ ����� CÇHTFLVOEFS QFS ÇS TLJMKFS ÅOEÇ NFE FOEBTU �� GSÇO
EFU UFPSFUJTLB WÅSEFU QÇ ����� CÇHTFLVOEFS� .FE GFMHSÅOTFS FS�
IÕMMT WÅSEFU 0,0372± 0,0072 TÇ EFU VQQTLBUUBEF GFMFU J NÅUOJOH�
BSOB ÅS BMMUTÇ SVOU ����

&ĒFLUFO IBS PDLTÇ PCTFSWFSBUT VOEFS NFS FYUSFNB GÕSIÇMMBO�
EFO OÅSB SPUFSBOEF TWBSUB IÇM� .BUFSJB TPN IBS FO UJMMSÅDLMJH TUPS
USBOTWFSTFMM IBTUJHIFUTLPNQPOFOU CFIÕWFS JOUF GBMMB JO J EFU TWBS�
UB IÇMFU VUBO LBO IBNOB J FO CBOB SVOU EFU� 4Ç SVOU EF TWBSUB
IÇMFO TBNMBT UZQJTLU NBUFSJB J IFUB VQQTBNMJOHTTLJWPS BDDSFUJPO
EJTLT TPN TUSÇMBS J SÕOUHFO�PNSÇEFU� 0N TLJWPSOB JOUF MJHHFS FY�
BLU J FLWBUPSJBMQMBOFU LPNNFS EF BUU QSFDFTTFSB PDI EÇ HF JGSÇO TJH
FO LBSBLUFSJTUJTL QFSJPEJDJUFU J SÕOUHFOTUSÇMOJOHFO� %FUUB GFOPNFO
IBS PCTFSWFSBUT GSÇO CM�B� EVCCFMTUKÅSOBO (30 +������� EÅS FOB
LPNQPOFOUFO WFSLBS WBSB FUU SPUFSBOEF TWBSU IÇM QÇ DB� � TPMNBT�
TPS PDI SPUBUJPOTQBSBNFUFSO a≈0,93m� %FU ÅS OÅSB EFU NBYJNB�
MB WÅSEFU a=m� "UU EFU TWBSUB IÇMFU SPUFSBS TUÕET PDLTÇ BW BUU EF
JOOFSTUB TUBCJMB CBOPSOB J TLJWBO IBSNJOESF SBEJF ÅONPUTWBSBOEF
CBOPS SVOU FUU JDLF SPUFSBOEF TWBSU IÇM�
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`p� ��ãª��¼p¼ �ÆÆ Æ¼²���ÆÀÀÚÀÆ�©ğ
/FXUPOT SÕSFMTFMBHBS HÅMMFS J FUU USÕHIFUTTZTUFN� * FUU BDDFMFSFSBO�
EF TZTUFN CFIÕWFS NBO NPEJêFSB /FXUPOT BOESB MBH HFOPN BUU
MÅHHB UJMM EF USÕHIFUTLSBѫFS TPN VQQTUÇS� "OUBH BUU WJ CFêOOFS PTT
QÇ FO LBSVTFMM TPN SPUFSBS NFE WJOLFMIBTUJHIFU ω� 7J LÅOOFS EÇ
VUÇUSJLUBEF DFOUSJGVHBMLSBѫFS PDI QBSUJLMBS TPN SÕS TJH SFMBUJWU LB�
SVTFMMFO QÇWFSLBT EFTTVUPN BW $PSJPMJTLSBѫFO TPN GÇS EFSBT SÕ�
SFMTFSJLUOJOH BUU WJLB BW� /FXUPOT BOESB MBH HÇS ÕWFS J

mB = '− 2mω×W−mω×(ω×S)

J LBSVTFMMFOT TZTUFN�
.FO WBE SPUFSBS LBSVTFMMFO SFMBUJWU ¨WFO PN LBSVTFMMFO IBEF

PHFOPNTLJOMJHB WÅHHBS TÇ BUU WJ JOUF LVOEF TF PNHJWOJOHFO TLVMMF
WJ MJLWÅM LÅOOB BW DFOUSJGVHBMLSBѫFO� 4Ç WBE CFTUÅNNFS WBE TPN
ÅS FUU JDLF�SPUFSBOEF TZTUFN ,BO EFU WBSB EFO PNHJWBOEF NBUF�
SJFO /FXUPO NFOBEF BUU EFU JOUF WBS TÇ VUBO BUU EFU êOOT FUU BC�
TPMVU TZTUFN SFMBUJWU WJMLFU SÕSFMTFS MZEFS VOEFS IBOT SÕSFMTFMBHBS�
'ÕS BUU CFMZTB TBLFO GÕSFTMPH IBO FUU UBOLFFYQFSJNFOU� )ÅOH VQQ
FO WBUUFOIJOL J FUU SFQ� 'ÕSTU PN IJOLFO JOUF SPUFSBS ÅS WBUUFOZUBO
QMBO� 0N WJ TFEBO TÅUUFS SPUBUJPO QÇ IJOLFO LPNNFS UJMM FO CÕSKBO
JOOBO GSJLUJPOFO NFMMBO IJOL PDI WBUUFO IVOOJU WFSLB WBUUFOZUBO
BUU WBSB QMBO PDI J WJMB� .FE UJEFO LPNNFS EPDL WBUUOFU BUU SPUF�
SB NFE IJOLFO PDI ZUBO CMJS EÇ CVLUJH Q�H�B� DFOUSJGVHBMLSBѫFO� 7J
IBS BMMUTÇ UWÇ PMJLB TJUVBUJPOFS OÅS IJOLFO PDI WBUUOFU ÅS J WJMB J GÕS�
IÇMMBOEF UJMM WBSBOESB NFO EÅS IJOL�WBUUFO�TZTUFNFU J FOB GBMMFU
ÅS JDLF�BDDFMFSFSBU PDI J EFU BOESB BDDFMFSFSBU� /FXUPO BSHVNFO�
UFSBEF VUJGSÇO EFUUB BUU WBE TPN ÅS FUU USÕHIFUTTZTUFN JOUF IBS NFE
LSPQQBST SFMBUJWB SÕSFMTFS BUU HÕSB VUBO CFSPS QÇ BUU EFU êOOT FUU
GÕSFESBHFU TZTUFN EFU BCTPMVUB SVNNFU�

.PU EFUUB JOWÅOEF TFOBSF &SOTU .BDI 	TFOBSF EFMFO BW �����
UBMFU
� )BO HJMMBEF JOUF UBOLFO QÇ FUU BCTPMVU SVN VUBO NFOBEF
BUU DFOUSJGVHBMLSBѫFSOB CFSPS QÇ OÇHPO GPSN BW WÅYFMWFSLBO NFE
EFO PNHJWBOEF WÅSMEFO� %FOOB JEÊ LBMMBE .BDIT QSJODJQ GPSNV�
MFSBT PѫB TPN BUU EFU ÅS EFO UPUBMB NBTTGÕSEFMOJOHFO J VOJWFSTVN
TPN CFTUÅNNFS WBE TPN ÅS FUU USÕHIFUTTZTUFN� &O LPOTFLWFOT BW
EFUUB ÅS BUU PN WBUUFOIJOLFO WPSF FOTBN J VOJWFSTVN TLVMMF WBU�
UFOZUBO JOUF CMJ CVLUJH OÅS IJOLFO TÅUUT J SPUBUJPO FѫFSTPN EFU EÇ
JOUF TLVMMF êOOBT OÇHPOUJOH BUU SFMBUFSB SPUBUJPOFO UJMM� &O BMUFSOB�
UJW GPSNVMFSJOH BW .BDIT QSJODJQ ÅS EÇ BUU VOJWFSTVN TPN IFMIFU
JOUF LBO SPUFSB PDI NBO EÅSGÕS TLVMMF LVOOB BOWÅOEB EF BWMÅHTOB
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êYTUKÅSOPSOB 	FMMFS NFE EBHFOT NÅUOPHHSBOOIFU EF BWMÅHTOB HB�
MBYFSOB
 TPN SJLUQVOLUFS GÕS FUU JDLF�SPUFSBOEF TZTUFN� /FXUPOT
IJOL�FYQFSJNFOU LBO OV TFT J FUU BOOBU MKVT� 0N WJ WBS J WJMB SFMB�
UJWU EFO QMBOB WBUUFOZUBO PDI BMMUTÇ WBS J FUU JDLF�SPUFSBOEF TZTUFN
TLVMMF EF BWMÅHTOB HBMBYFSOB JOUF SÕSB TJH QÇ IJNMBWBMWFU� 0NWÅOU
PN WJ TBUUF PTT J WJMB SFMBUJWU EFO CVLUJHB ZUBO TLVMMF WJ TF EF BWMÅHT�
OB HBMBYFSOB TOVSSB SVOU PTT�

&JOTUFJO WBS JOTQJSFSBE BW .BDIT QSJODJQ OÅS IBO VUWFDLMBEF
BMMNÅO SFMBUJWJUFUTUFPSJ J EFO NFOJOHFO BUU UFPSJO JOUF EFêOJFSBS
OÇHPU BCTPMVU SVN�"DDFMFSBUJPO EFêOJFSBT QÇ PMJLB TÅUU J/FXUPOTL
HSBWJUBUJPO PDI BMMNÅO SFMBUJWJUFUTUFPSJ�.FEBO FO QBSUJLFM TPN GBM�
MFS J FUU HSBWJUBUJPOTGÅMU TFT TPN BDDFMFSFSBE J /FXUPOT UFPSJ TFS
NBO J BMMNÅO SFMBUJWJUFUTUFPSJO FO QBSUJLFM TPN FOEBTU QÇWFSLBT BW
HSBWJUBUJPO TPN PBDDFMFSFSBE� %FO GBMMFS GSJUU J HSBWJUBUJPOTGÅMUFU
PDI GÕMKFS EÅSGÕS EFO SBLBTU NÕKMJHB CBOBO J SVNUJEFO� .BO LBO TF
EFUUB TPN FO HFOFSBMJTFSJOH BW /FXUPOT GÕSTUB MBH TPN TÅHFS BUU
FO QBSUJLFM TPN JOHB LSBѫFS WFSLBS QÇ SÕS TJH NFE LPOTUBOU IBT�
UJHIFU� (SBWJUBUJPOFO TFT BMMUTÇ JOUF MÅOHSF TPN FO LSBѫ J TBNNB
NFOJOH TPN J /FXUPOT UFPSJ VUBO NBOJGFTUFSBS TJH JTUÅMMFU J SVN�
UJEFOT TUSVLUVS� 1MBUT GÕS OÇHPU BCTPMVU SVN êOOT JOUF J BMMNÅO SF�
MBUJWJUFUTUFPSJ NFO GSJUU GBMMBOEF SFGFSFOTTZTUFN TPN ÅS MPLBMU EF�
êOJFSBEF ÅS EF TPN GÕSFESBT� .BO TLVMMF EPDL GPSUGBSBOEF LVOOB
LÅOOB BW USÕHIFUTLSBѫFS BTTPDJFSBEF NFE SPUBUJPO J FUU TÇEBOU TZ�
TUFN TÇ GÕS BUU GÇ FUU IFMU JOFSUJBMU TZTUFN NÇTUF TZTUFNFU TFEBO
ÅOEÇ SPUFSBT TÇ BUU BMMB USÕHIFUTLSBѫFS GÕSTWJOOFS�

�²��£À Êª�Ó�¼ÀÊ©
,VSU (ÕEFM PDI "MCFSU &JOTUFJO IBNOBEF CÇEB QÇ *OTUJUVUF GPS "E�
WBODFE 4UVEJFT J 1SJODFUPO PDI CMFW HPEB WÅOOFS� (ÕEFM JOUSFTTF�
SBEF TJH IÅS GÕS BMMNÅO SFMBUJWJUFUTUFPSJ PDI ���� QVCMJDFSBEF IBO
FO JOUSFTTBOU LPTNPMPHJTL MÕTOJOH UJMM GÅMUFLWBUJPOFSOB TPN EPDL
LBOTLF JOUF WBS WBE &JOTUFJO IBEF ÕOTLBU TJH� *OUF OPH NFE BUU EFO
TUSJEFS NPU.BDIT QSJODJQ EFO HÕS EFU PDLTÇ NÕKMJHU BUU SFTB CBLÇU
J UJEFO�

(ÕEFMT VOJWFSTVN ÅS FO MÕTOJOH UJMM &JOTUFJOT FLWBUJPOFS NFE
FO OFHBUJW LPTNPMPHJTL LPOTUBOU J WJMLFO IFMB VOJWFSTVN SPUFSBS�
%FU JOOFCÅS BUU FO MPLBM PCTFSWBUÕS TPN JOUF SPUFSBS PDI CFUSBLUBS
EF BWMÅHTOB HBMBYFSOB QÇ IJNNFMTTGÅSFO TFS EFN SPUFSB SVOU TJH�
.PEFMMFO CFTLSJWFS EPDL FUU VOJWFSTVN TPN JOUF GÕSÅOESBT NFE
UJEFO� %FO LBO EÅSGÕS JOUF CFTLSJWB WÇSU PCTFSWFSBEF VOJWFSTVN
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'JHVS ��� "MCFSU &JOTUFJO PDI ,VSU (ÕEFM 	'PUP 0TLBS .PSHFOTUFSO *OTUJ�
UVUF GPS "EWBODFE 4UVEZ 1SJODFUPO�
�

TPN BW BMMU BUU EÕNB IBS FO BDDFMFSFSBOEF FYQBOTJPO TPN TUZST BW
FO QPTJUJW LPTNPMPHJTL LPOTUBOU� .FO EFO MPLBMB GZTJLFO ÅS IFMU
uOPSNBMu PDI CFTLSJWT BW FO USZDLMÕT HBT T�L� EBNN� %ÅSGÕS ÅS
EFU ÅOEÇ BW JOUSFTTF BUU TUVEFSB NPEFMMFO TPN FO NÕKMJH GZTJLBMJTL
MÕTOJOH UJMM &JOTUFJOT FLWBUJPOFS�

.PEFMMFO JOOFIÇMMFS PDLTÇ TMVUOB UJETBSUBEF LVSWPS� 'ÕS OÇ�
HPO TPN SÕS TJH MÅOHT FO UJETBSUBE LVSWB ÕLBS FHFOUJEFO EWT� EFO
UJE TPN NÅUT NFE FO NFEGÕMKBOEF LMPDLB� &ѫFSTPN LVSWBO ÅS TMV�
UFO LPNNFS NBO UJMM TJTU UJMMCBLB UJMM EFO QVOLU J SVN PDI UJE TPN
NBO TUBSUBEF JGSÇO� 5SPUT BUU EFO UJE NBO TKÅMW VQQMFWU LBO WBSB
MÇOH IBS JOHFO UJE BMMT GÕSëVUJU QÇ VUHÇOHTQVOLUFO� %FU ÅS U�P�N�
NÕKMJHU BUU EFGPSNFSB LVSWBO TÇ BUU NBO LPNNFS UJMMCBLB JOOBO
NBO TUBSUBEF� /V ÅS EFUUB JOHFO MÅUU TBL BUU ÇTUBELPNNB� ,VSWBO
ÅS JOHFO HFPEFU EWT� EFU ÅS JOUF CBSB BUU GBMMB GSJUU� &O SBLFU TPN GÅS�
EBT MÅOHT LVSWBONÇTUF IBNPUPSFSOB QÇ PDI FOPSNBNFO ÅOEMJHB
NÅOHEFS NFE CSÅOTMF TLVMMF LSÅWBT�

¨S OV EFUUB NÕKMJHU 7J GÕSWÅOUBS PTT BUU WÅSMEFO TLB WBSB LBV�
TBM EWT� BUU PSTBL BMMUJE LPNNFS GÕSF WFSLBO� * (ÕEFMT VOJWFSTVN
CPSEF EFU U�FY� WBSB NÕKMJHU GÕS PTT BUU IJOESB EF ZOHSF VQQMBHPSOB
BW PTT TKÅMWB GSÇO BUU HF TJH JWÅH� .FO EÇ TLVMMF WJ KV BMESJH LPNNB
GSBN� 0NEFU TLB WBSBNÕKMJHU WFSLBS EFU TPN BUU WJ NÇTUF HF BWLBMM
QÇ EFO GSJB WJMKBO TÇ BUU WJ JOUF LBO WÅMKB BUU TUPQQB SFTBO� 4LVMMF EÇ
WÅSMEFO WBSB IFMU EFUFSNJOJTUJTL PDI IVS HÇS EFU JIPQ NFE LWBOU�
NFLBOJLFOT PTÅLFSIFU ,BOTLF NÇTUF WJ GÕSLBTUB (ÕEFMT VOJWFS�
TVN TPN FO QBUPMPHJTL MÕTOJOH UJMM &JOTUFJOT FLWBUJPOFS�
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'JHVS ��� 'ÕSIÇMMBOEFU Es2 = 2
ω2

[
Et2−Er2+TJOI4r−TJOI2r) Eϕ2−

2
√
2TJOI2r Eϕ Et

]
−Ez2 CFTLSJWFS (ÕEFMT VOJWFSTVN� %FU IBS FO WÅM�

EFêOJFSBE SPUBUJPOTBYFM TPN J EF HJWOB LPPSEJOBUFSOB HFT BW z�BYFMO� * ê�
HVSFO TFT SPUBUJPOTQMBOFU PDI z�BYFMO ÅS VOEFSUSZDLU� * PSJHP 	1
 EÅS r=0
GÕSTWJOOFS LPSTUFSNFO Et Eϕ� %FO MPLBMB UJETSJLUOJOHFO TBNNBOGBMMFS EÇ
NFE tmBYFMO TPN ÅS SJUBE WJOLFMSÅU NPU SVNNFU� /ÅS NBO BWMÅHTOBS TJH
GSÇO PSJHP UJQQBS MKVTLPOFSOB NFS PDI NFS PDI EÅSNFE EFO MPLBMB UJETSJLU�
OJOHFO� 7JE FO WJTT SBEJF UJQQBS EF ÕWFS TÇ NZDLFU BUU EF UBOHFSBS FO TMVUFO
LVSWB� &ѫFSTPN MKVT SÕS TJH MÅOHT MKVTLPOFS ÅS EFU NÕKMJHU BUU TLJDLB MKVT
MÅOHT LVSWBO� ¨OOV MÅOHSF VU UJQQBS MKVTLPOFSOB ÕWFS TÇ NZDLFU BUU EFO
MPLBMB UJETSJLUOJOHFO MJHHFS J QMBOFU PDI CJMEBS FO TMVUFO UJETBSUBE LVSWB�
%FU ÅS BMMUTÇ NÕKMJHU BUU LPNNB UJMMCBLB UJMM EFO UJE PDI QMBUT NBO TUBSUBEF
JGSÇO� (ÕEFMT VOJWFSTVN ÅS MJLBEBOU ÕWFSBMMU TÇ WJ LBO BMMUJE TF EFU TPN BUU
WJ TUBSUBS GSÇO QVOLUFO 1 J CJMEFO� %FU JOOFCÅS BUU EFO TMVUOB UJETBSUBEF
LVSWBO J SPUBUJPOTQMBOFU BMMUJE MJHHFS MÇOHU VU QÇ LPTNPMPHJTLB BWTUÇOE�
&O UÅOLCBS UJETBSUBE LVSWB TPN TUBSUBS J 1 PDI ÇUFSLPNNFS UJMM TBNNB
SVNTQVOLU WJE FO UJEJHBSF UJEQVOLU SVNUJETQVOLUFO 2 WJTBT J CJMEFO�

�¼pÓ�ÆpÆ�¯ªÀÓx�¯¼
-ÇU PTT CFUSBLUB TWBHB HSBWJUBUJPOTGÅMU TPN HFPNFUSJTLU CFUZEFS BUU
SVNUJEFO ÅS OÅSB QMBUU� * OÅTUBO LBSUFTJTLB LPPSEJOBUFS LBO WJ EÇ
TLSJWB LPFēDJFOUFSOB J NFUSJLFO TPN

gµν = ηµν + hµν ,

EÅS |hµν |≪ 1� .FE h̄µν ≡hµν− ηστ

2
hστhµν PDI VOEFS MÅNQMJHB

WBM BW LPPSEJOBUFS HFT EÇ &JOTUFJOT FLWBUJPOFS BQQSPYJNBUJWU BW�

∇2h̄µν −
1

c2
∂2h̄µν

∂t2
=

16πG

c4
Tµν .

7J GÇS BMMUTÇ FO FLWBUJPO TPN ÅS NZDLFU MJL EFO TPN /PSETUSÕN GÕ�
SFTMPH CPSUTFUU GSÇO BUU WJ IBS ëFS GSJIFUTHSBEFS� 4PN UJEJHBSF UPMLBS
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WJ IÕHFSTJEBO TPN LÅMMPSOB UJMM HSBWJUBUJPOTGÅMUFU� 0N EF JOUF IBS
OÇHPU UJETCFSPFOEF LPNNFS HSBWJUBUJPOTGÅMUFU MÇOHU GSÇO LÅMMPSOB
BUU GBMMB BW TPN 1/r2 TPN UJEJHBSF� .FE UJETCFSPFOEF IPT LÅMMPS�
OB LPNNFS WJ J BMMNÅOIFU BUU GÇ UFSNFS TPN GBMMFS BW TPN 1/r PDI
TPN UPMLBT TPN HSBWJUBUJPOTWÇHTTUSÇMOJOH�

%FO IÅS T�L� MJOFBSJTFSBEF WFSTJPO BW BMMNÅO SFMBUJWJUFUTUFP�
SJ IBS TUPSB MJLIFUFS NFE FMFLUSPNBHOFUJTNFO� &MFLUSPNBHOFUJTLB
WÇHPS HFOFSFSBT BW BDDFMFSFSBEF MBEEOJOHBS� * U�FY� SBEJP� PDI 57�
NBTUFS TLBQBT EF VUÇUHÇFOEF WÇHPSOB GSÇO PTDJMMFSBOEF TUSÕNNBS
EWT� BDDFMFSFSBEF FMFLUSPOFS� 1Ç MJLOBOEF TÅUU TÅOEFS NBTTPS J SFMB�
UJW SÕSFMTF VU HSBWJUBUJPOTWÇHPS TPN LBO TFT TPN TNÇ LSVTOJOHBS
TPN GPSUQMBOUBS TJH NFE MKVTIBTUJHIFUFO� /PUFSB BUU EFU ÅS TKÅMWB
SVNNFU TPN ÕNTPN ESBT VU PDI ÕNTPN ESBT JIPQ�

'JHVS ��� *MMVTUSBUJPO BW HSBWJUBUJPOTWÇHPS TPN SÕS TJH CPSU MJLU SJOHBS QÇ
WBUUOFU GSÇO UWÇ LPNQBLUB PCKFLU U�FY� OFVUSPOTUKÅSOPS FMMFS TWBSUB IÇM
TPN SPUFSBS SVOU WBSBOESB J CJMEFOT DFOUSVN 	HSBêL BW (ÕSBO %VSHÊ
�

0N NBO TUVEFSBS MÕTOJOHBSOB UJMM &JOTUFJOT FLWBUJPOFS OÅS�
NBSF WJTBS EFU TJH BUU EFU ÅS UJETCFSPFOEFU IPT LÅMMBOT BWWJLFMTF
GSÇO TGÅSJTL TZNNFUSJ TPN CFTUÅNNFS PN HSBWJUBUJPOTWÇHPS CJM�
EBT FMMFS FK� "WWJLFMTFO HFT BW EFU TÇ LBMMBEF LWBESVQPMNPNFOUFU
Qij � &ĒFLUFO TPN HSBWJUBUJPOTWÇHPS FNJUUFSBT NFE HFT BW EFO CF�
SÕNEB LWBESVQPMGPSNFMO�

P =
G

45c5
E3Qij

Et3
E3Qij

Et3
.
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%FU GÕSTUB JOEJSFLUB TUÕEFU GÕS HSBWJUBUJPOTWÇHPS LPN GSÇO PC�
TFSWBUJPOFSOB BW EVCCFMQVMTBSFO 143 �������� %FO CFTUÇS BW UWÇ
OFVUSPOTUKÅSOPS TPN SÕS TJH SVOU TJUU HFNFOTBNNB NBTTDFOUSVN
QÇ DB� � UJNNBS� &O BW TUKÅSOPSOB ÅS FO QVMTBS TPN SPUFSBS TOBCCU
SVOU TJO FHFO BYFM 	NFE GSFLWFOTFO ���)[
 PDI TÅOEFS VU FMFLUSP�
NBHOFUJTL TUSÇMOJOH MÅOHT UWÇ TNBMB LPOFS�

'JHVS ��� 5WÇ OFVUSPOTUKÅSOPS SÕS TJH SVOU TJUU HFNFOTBNNB NBTTDFOU�
SVN� &O BW EFN ÅS FO QVMTBS TPN TÅOEFS VU FMFLUSPNBHOFUJTL TUSÇMOJOH
MÅOHT UWÇ TNBMB LPOFS� 4ZTUFNFU TÅOEFS PDLTÇ VU HSBWJUBUJPOTWÇHPS JMMV�
TUSFSBU NFE EF VUÇUHÇFOEF QJMBSOB�

+PSEFO TWFQT ÕWFS BW EFO FOB LPOFO FO HÇOH QFS SPUBUJPO SVOU
EFO FHOB BYFMO PDI EFU HFS FO TÇ QBTT HPE LMPDLB BUU CBOBOIBS LVO�
OBU LBSUMÅHHBT J EFUBMK� %FU WJTBS TJH BUU QFSJPEUJEFO J CBOBONJOTLBS
PDI BUU TUKÅSOPSOB SÕS TJH J TQJSBM NPU WBSBOESB� 4ZTUFNFU UBQQBS
FOFSHJ J NZDLFU HPE ÕWFSFOTTUÅNNFMTF NFE GÕSVUTÅHFMTFSOB GSÇO
BMMNÅO SFMBUJWJUFUTUFPSJ� .JOTLOJOHFO J QFSJPEUJE TPN GVOLUJPO BW
ÇS WJTBT UJMMTBNNBOT NFE EFO UFPSFUJTLB LVSWBO J 'JHVS ��� 'ÕS EFU
IÅS SFTVMUBUFU CFMÕOBEFT 3VTTFM )VMTF PDI +PTFQI 5BZMPS NFE /P�
CFMQSJTFU ����� 7ÅSU BUU OÅNOB ÅS PDLTÇ BUU ëFS CBOQBSBNFUSBS ÅO
WBE TPN CFIÕWT GÕS BUU CFTUÅNNB CBOPSOB VQQNÅUUT� %FU JOOFCÅS
BUU ëFSB BOESB UFTU BW BMMNÅO SFMBUJWJUFUTUFPSJ LVOEF HÕSBT�

'SÇHBO ÅS OV PN PDI IVS WJ LBO NÅUB HSBWJUBUJPOTWÇHPSOB EJ�
SFLU� 7ÇHPSOB GSÇO EVCCFMQVMTBSFO ÅS NZDLFU TWBHB PDI IBS EFTT�
VUPN GÕS MÇH GSFLWFOT 	DB� 4×10−4 )[
 GÕS BUU LVOOB NÅUBT QÇ
KPSEFO NFE EBHFOT EFUFLUPSFS�

(SBWJUBUJPOTWÇHPSOBT VUCSFEOJOH J WBLVVN HFT BW WÇHFLWB�
UJPOFO�

∇2h̄µν −
1

c2
∂2h̄µν

∂t2
= 0 .

7ÇHPSOB ÅS USBOTWFSTFMMB WJMLFU JOOFCÅS BUU TWÅOHOJOHBSOB TLFS J

��

ROTERANDE RUMTIDER OCH GRAVITATIONSVÅGOR   _______________________________



 SVENSKA FYSIKERSAMFUNDET – KOSMOS 2021 75

'JHVS ��� .JOTLOJOHFO BW QFSJPEUJEFO GÕS 143 ������� TPN GVOLUJPO BW
UJEFO� %FO IFMESBHOB LVSWBO HFS GÕSVUTÅHFMTFO GSÇO BMMNÅO SFMBUJWJUFUTUFPSJ
	#JME GSÇO 8JLJQFEJB *OEVDUJWFMPBE � 1VCMJD %PNBJO
�

FUU QMBO WJOLFMSÅUU NPU VUCSFEOJOHTSJLUOJOHFO� &MFLUSPNBHOFUJTLB
WÇHPS IBS UWÇ PCFSPFOEF QPMBSJTBUJPOFS PDI EFUTBNNB HÅMMFS GÕS
HSBWJUBUJPOTWÇHPS� * 'JHVS �� WJTBT IVS FO HSBWJUBUJPOTWÇH TPN SÕS
TJH J z�SJLUOJOHFO QÇWFSLBS FO VQQTÅUUOJOH UFTUNBTTPS J xy�QMBOFU
GÕS EF UWÇ PMJLB MJOKÅSQPMBSJTBUJPOFSOB + PDI ×� 7J BOUBS BUU UFTU�
NBTTPSOB GBMMFS GSJUU J FO TBUFMMJU TÇ BUU WJ JOUF CFIÕWFS CFLZNSB PTT
PN KPSEFOT HSBWJUBUJPOTGÅMU�

'JHVS ��� + PDI × QPMBSJTBUJPO GÕS MJOKÅSQPMBSJTFSBEF HSBWJUBUJPOTWÇHPS
WBST VUCSFEOJOHTSJLUOJOH ÅS WJOLFMSÅU NPU QBQQFSFUT QMBO� #FUSBLUB GÕSTU
+�QPMBSJTBUJPOFO� * VUHÇOHTMÅHFU MJHHFS UFTUNBTTPSOB J FO SJOH� 4FEBO ESBT
SVNNFU JIPQ J x�MFE PDI VU J y�MFE� * OÅTUB TUFH ÅS WJ UJMMCBLB UJMM VUHÇOHT�
MÅHFU PDI EÅSFѫFS CZUT WJMLB SJLUOJOHBS TPN ESBT VU SFTQFLUJWF ESBT JIPQ�
×�QPMBSJTBUJPOFO ÅS WSJEFO ��◦SFMBUJWU +�QPMBSJTBUJPOFO�

4PN FUU NÇUU QÇ HSBWJUBUJPOTWÇHFOT TUZSLB LBO WJ UB EFO SFMB�
UJWB MÅOHEÅOESJOHFO

h =
∆l

l
,

��
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TPN WJ LBMMBS h FѫFSTPN EFO HFS NBHOJUVEFO BW hµν � %F h�WÅSEFO
WJ LBO GÕSWÅOUBTNÅUB GSÇO BTUSPGZTJLBMJTLB PCKFLU ÅS TPN TBHUNZD�
LFU TNÇ� 4PN WJ TLB TF IBS EPDL HSBWJUBUJPOTWÇHPS EFUFLUFSBUT PDI
EF CÅTUB EFUFLUPSFSOB LBO JEBH NÅUB SFMBUJWB MÅOHEÅOESJOHBS QÇ
10−23�

&O QJPOKÅS JOPN VUWFDLMBOEFU BW HSBWJUBUJPOTWÇHTEFUFLUPSFS
WBS +PTFQI 8FCFS� )BO BOWÅOEF TJH BW SFTPOBOTTUBWBS TPN CÕS�
KBS TWÅOHB PN EF USÅĒBT BW HSBWJUBUJPOTWÇHPS� 0N HSBWJUBUJPOT�
WÇHFOT GSFLWFOT ÕWFSFOTTUÅNNFS NFE FO FHFOGSFLWFOT IPT TUB�
WFO LBO BNQMJUVEFO IPT TUBWFOT TWÅOHOJOHBS GÕSTUÅSLBT LSBѫJHU�
7JEBSVUWFDLMJOH BW SFTPOBOTEFUFLUPSFS QÇHÇS PDI LÅOTMJHIFUFO ÅS
SVOU 10−21 GÕS EF CÅTUB� &O OBDLEFM NFE EFN ÅS BUU EF IBS TNBM
CBOECSFEE FѫFSTPN EF CZHHFS QÇ WJTTB SFTPOBOTGSFLWFOTFS� .FS
GSBNHÇOHTSJLB IBS MBTFSJOUFSGFSPNFUSBS WBSJU�%F MBTFSJOUFSGFSPNFU�
SBS TPN BOWÅOET J -*(0 PDI 7JSHP CFTLSJWT NFS J EFUBMK J "MFL�
TBOESB 'PMUZOPXJD[ BSUJLFM J EFOOB WPMZN BW ,PTNPT�

%FO ���F TFQUFNCFS ���� VQQNÅUUF -*(0T UWÇ BOMÅHHOJOH�
BSOB TJHOBMFS TPN ÅS TÇ MJLB BUU EF CÕS LPNNB GSÇO TBNNB LÅMMB
TF 'JHVS ��� 1SPêMFO QÇ TJHOBMFSOB ÕWFSFOTTUÅNNFS NFE WBE NBO
GÕSWÅOUBS TJH GSÇO TMVUGBTFO BW FO QSPDFTT EÅS UWÇ TWBSUB IÇM TPN
SÕS TJH SVOU WBSBOESB UJMM TJTU TBNNBOTNÅMUFS J FUU TWBSU IÇM� %F
OÇHPU MKVTBSF LVSWPSOB J EF UWÇ GÕSTUB EJBHSBNNFO WJTBS EF UFPSF�
UJTLB CFSÅLOJOHBS TPN CÅTU LBO BOQBTTBT UJMM NÅUEBUB� "WTUÇOEFU
UJMM EF TWBSUB IÇMFO IBS VQQTLBUUBUT UJMM �� NJMKBSEFS MKVTÇS� %FSBT
NBTTPS WBS DB� �� PDI �� TPMNBTTPS PDI EFU TMVUMJHB TWBSUB IÇMFU
NBTTB CMFW QÇ �� TPMNBTTPS� 4LJMMOBEFO QÇ � TPMNBTTPS PNWBOE�
MBEFT UJMM FOFSHJ J HSBWJUBUJPOTWÇHPS PDI ÅS VOHFGÅS �� HÇOHFS NFS
ÅO FO TVQFSOPWB UPUBMU GSJHÕS� 3BJOFS 8FJTT #BSSZ #BSJTI PDI ,JQ
ѮPSOF UJMMEFMBEFT ���� ÇST /PCFMQSJT GÕS VUWFDLMBOEFU BW -*(0�
EFUFLUPSO PDI PCTFSWBUJPOFO BW HSBWJUBUJPOTWÇHPS�

6OEFS ���� TUBSUBEF ZUUFSMJHHBSF FO HSBWJUBUJPOTWÇHTEFUFLUPS
7JSHP VUBOGÕS 1JTB PDI EFO ���F BVHVTUJ VQQNÅUUF BMMB USF EFUFLUP�
SFSOB FO TJHOBM GSÇO UWÇ TBNNBOTNÅMUBOEF TWBSUB IÇM� .BO LVOEF
OV NFE IKÅMQ BW USJBOHVMFSJOH ÅWFO CFTUÅNNB WBSJGSÇO QÇ IJNMB�
WBMWFU TPN TJHOBMFO LPN� #BSB USF EBHBS FѫFS EFU VQQNÅUUFT FO
OÇHPU BOOPSMVOEB TJHOBM� %FO WBS TWBHBSF NFO WBSBEF MÅOHSF DB
��� TFLVOEFS� * EFU IÅS GBMMFU WFSLBEF EFU JTUÅMMFU WBSB GSÇHB PN
UWÇ TBNNBOTNÅMUBOEF OFVUSPOTUKÅSOPS� &ѫFSTPNNBONFE USF EF�
UFLUPSFS LVOEF MPLBMJTFSB TJHOBMFO TÇ LVOEF NBO VOEFSTÕLB PN
EFU PDLTÇ GBOOT FMFLUSPNBHOFUJTLB TJHOBMFS GSÇO PCKFLUFU� 4USÇMOJOH
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'JHVS ��� %FO GÕSTUB EFUFLUJPOFO BW HSBWJUBUJPOTWÇHPS (8�������
#JMEFSOB WJTBS BNQMJUVE TPN GVOLUJPO BW UJE� ¸WSF CJMEFO HFS TJHOBMFO WJE
)BOGPSE PDI EFO NFMMFSTUB TJHOBMFO WJE -JWJOHTUPO� %F OÇHPU NÕSLBSF PDI
TQFUTJHBSF LVSWPSOB J EF UWÇ ÕWSF EJBHSBNNFO HFS EF VQQNÅUUB WÅSEFOB�
4UZSLBO WBS TPN NFTU DB� 10−21 N PDI TJHOBMFSOB WBSBEF J DB� �� TFLVO�
EFS� %F BOMÅOEF NFE � NT NFMMBOSVN WJMLFU ÅS LPNQBUJCFMU NFE BUU EF SÕS
TJH NFE MKVTIBTUJHIFUFO PDI J OFESF CJMEFO ÅS TJHOBMFSOB ÕWFSMBHSBEF FѫFS
FO GÕSTLKVUOJOH QÇ � NT GÕS EFO FOB� 4PN TZOFT ÕWFSFOTTUÅNNFS EF NZDLFU
WÅM 	GSÇO $BMUFDI�.*5�-*(0 -BCPSBUPSZ
�

JOPN IFMB EFU FMFLUSPNBHOFUJTLB TQFLUSFU SFHJTUSFSBEFT GSÇO QMBU�
TFO GÕS IÅOEFMTFO CM�B� PCTFSWFSBEFT FUU VUCSPUU BW HBNNBTUSÇM�
OJOHNFE SZNEUFMFTLPQFO 'FSNJ PDI */5&(3"-� 'SÇO EF TQFLUSB
TPN UPHT VQQ LVOEF NBO PDLTÇ TF UFDLFO QÇ BUU UZOHSF HSVOEÅN�
OFO ÅO KÅSO� IBEF CJMEBUT HFOPN OFVUSPOJOGÇOHOJOH� )ÅOEFMTFO
LVOEF PDLTÇ GPUPHSBGFSBT J EFU TZOMJHB PNSÇEFU� &ѫFS EF GÕSTUB EF�
UFLUJPOFSOB BW HSBWJUBUJPOTWÇHPS IBS TFEBO NÇOHB PCTFSWBUJPOFS
BW TBNNBOTNÅMUBOEF LPNQBLUB PCKFLU HKPSUT TPN HFUU PTT NZDLFU
JOGPSNBUJPO PN EF CBLPNMJHHBOEF GZTJLBMJTLB QSPDFTTFSOB�

N£ÊÆ¯¼�
6OEFS TFOBSF ÇS IBS BMMNÅO SFMBUJWJUFUTUFPSJ GÕSWBOEMBUT GSÇO FO
NFTUBEFMT UFPSFUJTL EFM BW GZTJLFO UJMM BUU BMMUNFS CMJ CFLSÅѫBE BW

�4UKÅSOPS QSPEVDFSBS FOFSHJ HFOPN GVTJPO TPN ÅS FO TBNNBOTMBHOJOH BW
MÅUUBSF BUPNLÅSOPS UJMM UZOHSF� &OFSHJ LBO VUWJOOBT VQQ UJMM CJMEBOEFU BW KÅSO
NFO GÕS UZOHSF ÅNOFO LSÅWFS GVTJPOTQSPDFTTFO FOFSHJ� %ÅSGÕS VQQIÕS GVTJPOFO
FѫFS KÅSO� 5ZOHSF HSVOEÅNOFO LBO TFEBO CJMEBT HFOPN OFVUSPOJOGÇOHOJOH FG�
UFSGÕMKU BW β�TÕOEFSGBMM�
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'JHVS ��� 4JHOBMFSOB GSÇO IÅOEFMTFO (8������� (SBWJUBUJPOTWÇHFO EF�
UFLUFSBEFT BW -*(0�7JSHP PDI HBNNBCMJYUFO BW 'FSNJ PDI */5&(3"-
	GSÇO $BMUFDI�.*5�-*(0 -BCPSBUPSZ
�

'JHVS ��� %FO PQUJTLB CJMEFO BW LÅMMBO UJMM (8������ J HBMBYFO /($
���� 	'SÇO �.�)�6$ 4BOUB $SV[ BOE $BSOFHJF 0CTFSWBUPSJFT�3ZBO 'P�
MFZ
�

PMJLB FYQFSJNFOU PDI PCTFSWBUJPOFS� 7J IBS IÅS TFUU IVS NZDLFU
TNÇ FĒFLUFS Q�H�B� KPSEFOT SPUBUJPO IBS LVOOBU NÅUBT NFE (SBWJUZ
1SPCF # PDI IVS ZUUFSTU TNÇ BNQMJUVEFS IPT HSBWJUBUJPOTWÇHPS IBS
LVOOBU SFHJTUSFSBT NFE -*(0 PDI 7JSHP� .ÇOHB BOESB WFSJêLBUJP�
OFS IBS HKPSUT TPN U�FY� EF TUVEJFS BW TUKÅSOPS OÅSB 7JOUFSHBUBOT
DFOUSVN TPN WJTBS BUU FUU HJHBOUJTLU TWBSU IÇM TUZS EFSBT SÕSFMTFS
PDI TPN CFMÕOBEFT NFE ���� ÇST /PCFMQSJT� .FO VUÕWFS BUU BMM�
NÅO SFMBUJWJUFUTUFPSJ CMJS NFS PDINFS CFLSÅѫBE IBS EFO PDLTÇ MFUU
UJMM OZB NÅUNFUPEFS� 5JMM FYFNQFM IBS HSBWJUBUJPOTWÇHTEFUFLUPSFS
SFEBO IVOOJU CMJ FUU BTUSPOPNJTLU NÅUJOTUSVNFOU WJE TJEBO BW EF
UFMFTLPQ TPN NÅUFS TUSÇMOJOH J EFU FMFLUSPNBHOFUJTLB TQFLUSVNFU�

❖
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`��p¼� £tÀª�ª�
"OEFSTTPO /� 	����
� (SBWJUBUJPOBM�XBWF BTUSPOPNZ� &YQMPSJOH

UIF EBSL TJEF PG UIF 6OJWFSTF� 0YGPSE 6OJWFSTJUZ 1SFTT�
)BSUMF +� #� 	����
� (SBWJUZ � "O *OUSPEVDUJPO UP &JOTUFJO�T

(FOFSBM 3FMBUJWJUZ� $BNCSJEHF 6OJWFSTJUZ 1SFTT�
0WFSEVJO +� 	����
� ѮF &YQFSJNFOUBM 7FSEJDU PO 4QBDFUJNF GSPN

(SBWJUZ 1SPCF #� 4QSJOHFS�7FSMBH�
4DIVU[ #� 	����
� " 'JSTU $PVSTF JO (FOFSBM 3FMBUJWJUZ� $BNCSJEHF

6OJWFSTJUZ 1SFTT�
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